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I\/Ioment of a Force—\Vector Formulation

The moment of a force F about point O, or actually about the moment axis passing through O
! and perpendicular to the plane containing O and F, Fig. 4-10a, can be expressed using the

1 vector cross product, namely,
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! Here r represents a position vector directed from O to any point on the line of action of F. We %
WI|| now show that indeed the moment Mo, when determined by this cross product, has the %
_ o A

proper magnitude and direction. %
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agnitude. The magnitude of the cross product is defined from Eq. 4-3 as Mo = rF sin 6,

ﬁﬁ
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here the angle 0 is measured between the tails of r and F. To establish this angle, r must be
treated as a sliding vector so that 6 can be constructed properly, Fig. 4-10b. Since the moment

“armd =r sin 0, then
'sh WS 34 otz e ALY @ pall dals Hlase oy J\M\
Mo=rFsin0
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Mo = rF sin @ = F(r sin 0) = Fd
which agrees with Eq. 4-1.

Moment axis

(b)

D|rect|on The direction and sense of Mo in Eq. 4-6 are determined by the right-hand rule as it
pplies to the cross product. Thus, sliding r to the dashed position and curling the right-hand

“fingers from r toward F, “r cross F,” the thumb is directed upward or perpendicular to the plane
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R O
g containing r and F and this is in the same direction as Mo, the moment of the force about point

% O, Fig. 4-10Db. Note that the “curl” of the fingers, like the curl around the moment vector,

i

4 indicates the sense of rotation caused by the force. Since the cross product does not obey the

ommutative law, the order of r X F must be maintained to produce the correct sense of
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irection for Mo. g
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Pr|n0|ple of Transmissibility. The cross product operation is often used in three dimensions
¢ since the perpendicular distance or moment arm from point O to the line of action of the force is <

not needed.
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In other words, we can use any position vector r measured from point O to any point on the I|ne
% of action of the force F, Fig. 4-11. Thus,
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Mo=r XF=rnXF=r; XF

v Since F can be applied at any point along its line of action and still create this same moment

I about point O, then F can be considered a sliding vector. This property is called the principle of

transm|53|b|I|ty of a force.
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Line of action

Carte3|an Vector Formulation. If we establish X, y, z coordinate axes, then the position vector

r and force F can be expressed as Cartesian vectors, Fig. 4-12a. Applying Eq. 4-5 we have
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Fr, F, F

2 where

7 I'x, Iy, I . represent the x, y, z components of the position vector drawn from point O to any
¢ point on the line of action of the force
. Fx, Fy, F; :represent the X, y, z components of the force vector If the determinant is expanded,

then like Eq. 4-4 we have
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Mo:(

ryF; - rF)I - (rkFz - 1)) + (Fy - ryF )k (4-8)

QO =y
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Moment

axis
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The physical meaning of these three moment components becomes evident by studying Fig. 4—
g 12b. For example, the i component of Mo can be determined from the moments of Fy, Fy, and F,
g about the x axis. The component F does not create a moment or tendency to cause turning
%E about the x axis since this force is parallel to the x axis. The line of action of F, passes through
4 point B, and so the magnitude of the moment of F, about point A on the x axis is r,F,. By the
@f rlght hand rule this component acts in the negative i direction. Likewise, F, passes through
@f point C and so it contributes a moment component of ryF,i about the x axis. Thus, (Mo)x = (ryF;
ﬂ% - 1,Fy) as shown in Eq. 4-8. As an exercise, establish the j and k components of Mg in this
g manner and show that indeed the expanded form of the determinant, Eq. 4-8, represents the

4f
4 moment of F about point O. Once MO is determined, realize that it will always be

st

& perpendicular to the shaded plane containing vectors r and F, Fig. 4-12a.
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(Mo)x=(ryFz—12Fy)
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% Resultant Moment of a System of Forces. If a body is acted upon by a system of forces, Fig.

! 4 13, the resultant moment of the forces about point O can be determined by vector addition of
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@r the moment of each force. This resultant can be written symbollcally as
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—14a about point O. Express the result

daaill J gag 144 S SF 38l e Ul A all 2

a)

Fig. 4-13

(

oe =0,

-

- - .~.S\

s e

10 4atia

-

Dr.moawia Ibrahim hamedelnil = moawiaibrahim73@gmail.com

Determine the moment produced by the force F in Fig. 4

as a Cartesian vector.
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i i
1 F — Fu. . — 5N {4i + 12j — 12K} m 4
% A - V04 m)E + (12m)2 + (—12 m)3 %
¥ ¥
g = {0.4588i + 1.376j - 1.376k} kN g
4 4
P Thus %
b ' 1 K i
A M, =r, < F = 0 0 12 i
! 0.4588 1.376 —1.376 !
i W
% = [0(-1.376) - 12(1.376)]i - [0(-1.376) - 12(0.4588)]j + [0(1.376) - 0(0.4588)]k %
o o
4 =9{-16.51 + 5.51j} KN . m Ans. &
o o
4 4
19 i
1 ;
i i J k i
i Mo = 1rg X F = 4 12 0 i
! 0.4588 1.376 —1.376 i
i 1
% = [12(-1.376) - 0(1.376)]i - [4(-1.376) - 0(0.4588)]j + [4(1.376) - 12(0.4588)]k %
g {-16.51 + 5.51j} KN . m Ans. g
g NOTE: As shown in Fig. 4-14b, Mo acts perpendicular to the plane that contains F, ra, and rg. g
E Had this problem been worked using Mo = Fd, notice the difficulty that would arise in obtaining f;}f
@f 4f

W
! 4« the moment arm d. P
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4 Example i
o A
% Two forces act on the rod shown in Fig. 4-15a. Determine the resultant moment they create %
g about the flange at O. Express the result as a Cartesian vector. %
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F, = [80i + 40j — 30k} Ib

(a)

F, = (—60i + 40j + 20k} 1b
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Position vectors are directed from point O to each force as shown in Fig. 4-15b. These vectors
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rs = {4i + 5j - 2k} ft
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% The resultant moment about O is therefore

ﬁ(MR)o=Z(rXF)=rAXF1+rB*F2
ik ik
=0 5 o|l+|4 5 -2
—60 40 20 80 40 30

[5(20) - 0(40)]i - [0]j + [0(40) - (5)(-60)]k + [5(-30) - (-2)(40)]i - [4(-30) - (-2)(80)1j + [4(40)
5(80)]k
{30i - 40j + 60k} Ib . ft Ans.

NOTE. This result is shown in Fig. 4-15c. The coordinate direction angles were determined
f

rom the unit vector for (Mg )o. Realize that the two forces tend to cause the rod to rotate about

the moment axis in the manner shown by the curl indicated on the moment vector.
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¥ Principle of Moments
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4 A concept often used in mechanics is the principle of moments, which is sometimes referred to

i as Varignon’s theorem since it was originally developed by the French mathematician Pierre

o 2 B B 2

g Varlgnon (1654-1722). It states that the moment of a force about a point is equal to the sum of
ﬁ}f the moments of the components of the force about the point. This theorem can be proven easily

4
g using the vector cross product since the cross product obeys the distributive law. For example,
ﬁ consider the moments of the force F and two of its components about point O, Fig. 4-16. Since

ﬁ F=F; +F, we have

ech@}@‘Q%ﬁ@)ﬁwgﬁg;iqbug&mj‘ejﬂ\imﬁ&&@\gg\;ﬁaw\@u\h\g
&}u&mJPe}d\eﬁd\&\M\\& Ul g UAJj‘y‘u_mj J\P|erreVar|gnon w)sj\\_,umu)m‘ﬁf
@@Y\uﬂ\e\mhdwmﬁ\o&\_}u\u&j MM\JPDF\JL&_!L\SJAe})c&Wg

JPFZ jF]_\.@_\_uS)AjF bjﬂ\ejﬁ )_uc\ ‘JL\AMJ_L\MC’J& C_U}J\m\;dsmjhb_fﬁ\ufaﬂuy u_ﬂ.@A_mﬂ‘L?f

ﬂﬂﬂﬂ'%ﬁ'ﬁ'ﬁ'ﬁ'ﬂ'ﬁ'ﬁ'ﬁ'ﬂ'ﬁ'ﬁ'ﬁ'ﬁ'ﬁ'ﬁ%ﬁ%ﬁ%ﬁ%ﬁ%%%ﬁﬁ%ﬁ%ﬁ%ﬁ%ﬁﬁﬁ

z{;
E
b
O
E

sle Jrans WEF=F1+F2

Mo=rXF=rX(F1+F2)=rXF1+rXF2
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' EEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEE R EEEEEEEE:
y ThIS method is generally easier than finding the same moment using Mo = Fd.

Important Points

The moment of a force creates the tendency of a body to turn about an axis passing through a
speC|f|c point O.

Using the right-hand rule, the sense of rotation is indicated by the curl of the fingers, and the
i thumb is directed along the moment axis, or line of action of the moment.

The magnitude of the moment is determined from MO = Fd, where d is called the moment
¢ arm, which represents the perpendicular or shortest distance from point O to the line of action of 4
! the force.

In three dimensions the vector cross product is used to determine the moment, i.e., MO =r X

¢ F. Remember that r is directed from point O to any point on the line of action of F.
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Example

U

etermine the moment of the force in Fig. 4—18a about point O.
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d,=3cos30°m

F. = (5kN) cos 45°

d,=3sin30°m

(a)

w

OLUTION |

he moment arm d in Fig. 4-18a can be found from trigonometry.

—

relilial) Gl aladiulig 184 JSall ad ol g103 slayl (S

d (3 m) sin 75° =2.898 m

¢ Thus

Mo = Fd = (5 kN)(2.898 m) = 145kN . m D

Smce the force tends to rotate or orbit clockwise about point O, the moment is directed into the
p

age.

M\J;\JL_J‘QJS.\?‘):J\o@\uucow\JP@u\u)uc o\;.a\_\%u;j\ }JJ(;\J.\A.\DJAMQ‘LAJJ

w

OLUTION 11

he x and y components of the force are indicated in Fig. 4-18b. Considering counterclockwise

—

3

oments as positive, and applying the principle of moments, we have
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O G v A
C+Mo—-dey-Fydx

-(5 cos 45° kN)(3 sin 30° m) - (5 sin 45° kN)(3 cos 30° m)

-14.5 kN # m = 14.5 kN m>

OLUTION 111

he x and y axes can be set parallel and perpendicular to the rod’s axis as shown in Fig. 4-18c.

w

ere Fx produces no moment about point O since its line of action passes through this point.

4 T

herefore,

&C 18 4@\&@@%}A\ASM\J}MCAUJJALMAJJJJ\}AQ\J}SJ\_UMyJX u_:));.d\)h_x;\
Al w\e&pﬁ@mhuYsOw\JPeﬁ&\Fx MS)A\J;J‘}ZMJ\AJ\ 0l

F,. = (5kN) cos 75°
v

A

, = (5KkN) sin 75°

y -
O

(c)
Fig. 4-18

G Mo = -F, dy=-(5sin 75° kN)(3m) = -145kN . m =145 kN . m D

/ Force F acts at the end of the angle bracket in Fig. 4-19a. Determine the moment of the force
about point O.
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Using a Cartesian vector approach, the force and position vectors, Fig. 4-19c, are
Lad (€194 JSill (A LeS ¢ sall 55 68l) gaia Gl (A Sl Cilgaiall 45, )l alaaiuly

r={0.4i-02j} m
= {400 sin 30° i - 400 cos 30° j} N ={200.0i - 346.4j} N

/ The moment is therefore - =l ;s <l 5
i i k

My,=rxF=| 04 —0.2 0
2000 —3464 O

0i - 0j + [0.4(-346.4) - (-0.2)(200.0)]k = {-98.6k} N . m Ans.

OTE: Itis seen that the scalar analysis (Solution I) provides a more convenient method for

Z

QD

naIyS|s than Solution 11 since the direction of the moment and the moment arm for each
component force are easy to establish. Hence, this method is generally recommended for
solvmg problems displayed in two dimensions, whereas a Cartesian vector analysis is generally

! recommended only for solving three-dimensional problems.
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oment of a Force about a Specified Axis

w

ometimes, the moment produced by a force about a specified axis must be determined. For
example suppose the lug nut at O on the car tire in Fig. 4-20a needs to be loosened. The force
pplled to the wrench will create a tendency for the wrench and the nut to rotate about the

' moment axis passing through O; however, the nut can only rotate about the y axis.

Therefore, to determine the turning effect, only the y component of the moment is needed, and
! the total moment produced is not important. To determine this component, we can use either a

¢ scalar or vector analysis.
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ﬁ Scalar Analysis. To use a scalar analysis in the case of the lug nut in Fig. 4-20a, the moment

o = =Y

‘I arm, or perpendicular distance from the axis to the line of action of the force, is dy = d cos 6.

Epe sy

@f Thus the moment of F about the y axis is My = F dy = F(d cos 0). According to the right-hand
@f rule, My is directed along the positive y axis as shown in the figure. In general, for any axis a,
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Fda
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M

Moment axis

(a)

Fig. 420

(b)

Fig. 4-20 (cont.)

Vector Analysis. To find the moment of force F in Fig. 4-20b about the y axis using a vector

analysis, we must first determine the moment of the force about any point O on the y axis by

(<))
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ﬁﬁﬁﬁﬁﬁﬁﬁ«ﬁ«ﬁ«ﬁﬁﬁ«ﬁ«ﬁ«ﬁ«ﬁ«ﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁ«ﬁﬁ««ﬂﬂﬁﬁ
ﬁ “applying Eq. 4-7, Mo = r X F. The component M, along the y axis is the projection of Mo onto i

o=

ﬂf the y axis. It can be found using the dot product discussed in Chapter 2, so that

% My =].Mo=j.(r XF), where j is the unit vector for the y axis.

%We can generalize this approach by letting ua be the unit vector that specifies the direction of

% the a axis shown in Fig. 4-21. Then the moment of F about a point O on the axis is Mo =r X F,
' and the projection of this moment onto the a axis is Ma = U, . (r X F). This combination is

ﬂf
1 ¥ referred to as the scalar triple product. If the vectors are written in Cartesian form, we have

)cmm‘yj\uxcw\w\e\mby sl Jsab 204 J& SF 5 gl }J\A_a‘yug_u.d\d.d;.d\
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el oyl alasiuly Walay) Sargy. sl oM aaiall Llin) Jicly ) saall e dadl My 2S5l \
: My=j-Mo=j-(rxF) Cam ¢ Sl daadll & 4ii8lie ol s3ll(Dot Product)

y. JM‘:J;}S\MJ&J d\“—‘-‘A

poe OsS ddie 214 JSAI 4 maasally ) saall ladl aag (o311 Bas gl 4xdaya me)lal\a_meuum
MO:rXF ‘)M\‘:J.Cw\jj\o 4Ll JPF o}sj\

Ma=ua-:(rxF)_sll e » sl mLLm\djs_.j

A HSal 3 ) pally Cilganiall t_\.uS 13} s(Scalar Triple Product). u.ul.\sl\ @'M\ G pall anly oS il s \4):35

L;.-_Jmmuu
i i k
Mg, = [ugi + ugj + ugKl- | ry ry -
F, F F

- ”a_l.(r_vF: _ "%Fjr} _ ”@.(erz — rF) + ua:(erv - r_vFr}

This result can also be written in the form of a determinant, making it easier to memorize.
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i where
Uax, Uay, Ua; represent the x, y, z components of the unit vector defining the direction of the a
7 axis

! 1y, Iy, I represent the x, y, z components of the position vector extended from any point O on the

o 2 2 2 2o 2 2 B 2 B B B 2 B S B S Ble S B 2y

4 a axis to any point A on the line of action of the force

o 2 22

4 Fyx, Fy, F; represent the x, y, z components of the force vector.

=Y

i When Ma is evaluated from Eq. 411, it will yield a positive or negative scalar. The sign of this
ﬁ;r scalar indicates the sense of direction of M, along the a axis. If it is positive, then M, will have

% the same sense as U,, Whereas if it is negative, then M, will act opposite to u,. Once the a axis is
§ established, point your right-hand thumb in the direction of M,, and the curl of your fingers will

4
4 indicate the sense of twist about the axis, Fig. 4-21.
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Fig. 421

Provided Ma is determined, we can then express M, as a Cartesian vector, namely,

_;\ ‘U_JJISJJMD‘)PUJLMC‘).\.\J_J\ LL&:L\.\SA.HMaLJ;_xA:u

Ma=Mas (4-12)

The examples which follow illustrate numerical applications of the above concepts
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Important Points

The moment of a force about a specified axis can be determined provided the perpendicular

P Ep R 2 2 B e B B 2 2 2 B e 2 B B 2 2 B B £ B 2 2 B Bl 2 B B Ry B 2 B B B B 2 B s B 2 B S Bl SN B 2 £y

2

! distance d, from the force line of action to the axis can be determined. M, = Fd,.

If vector analysis is used, M, = U, . (r X F), where u, defines the direction of the axis and r is

St

4 extended from any point on the axis to any point on the line of action of the force.
If M, is calculated as a negative scalar, then the sense of direction of M, is opposite to us.

The moment M, expressed as a Cartesian vector is determined from M, = MaU,.
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g ¥ SOLUTION

453 A force that is parallel to a coordinate axis or has a line of action that passes through the axis
b
‘ff does not produce any moment or tendency for turning about that axis. Therefore, defining the

ﬁ posmve direction of the moment of a force according to the right-hand rule, as shown in

gthe figure, we have

45((

o £ 2 2 B B 2 B 2 B S Ble s B 2y 2

g J.c J,\a;_u ‘M\é@a% }QlASk;\.A_}M .J_ﬂ\ o.lx:\.slt.sﬂj\_m;j,d\ e)xj\ c\;_u\ J\A_L:;\_jj cJJ'JM\ ASJJP‘LTJ
b :

p

E My = (60 Ib) (2 ft) + (50 Ib) (2 ft) + 0 =220 Ib . ft Ans.

4

g My =0 - (50 Ib)(3 ft) - (40 Ib)(2 ft) =-230 Ib . ft Ans.

g M, =0+ 0 - (40 Ib)(2 ft) = -80 Ib . ft Ans.

% The negative signs indicate that My and M, act in the -y and —z directions, respectively.

g

b il Jez sy cnossall cpallad) cpalasi¥)  leabMz sMy GaeJadl o) () Al il HLEY) s
b

W

% Example
‘57 Determine the moment Mag produced by the force F in Fig. 4-23a, which tends to rotate the
rod about the AB axis.

AB)PJPM\fjmdjijmdj\j‘aQ:; 4JS...J\63F a}ﬂ\ucm\_ﬂ\MAB e)d\hj\
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g ¥ SOLUTION

&

A
e ¥
& Mg

1]

F Fr ; B

B
/D
x (b)
Fig. 423

Ep 2 2 2 B Bl 2 B 2 2 B B e B B B e B e B S B S 2

ﬂf # A vector analysis using Mag = ug . (r X F) will be considered for the solution rather than trying
ﬂf to find the moment arm or perpendicular distance from the line of action of F to the AB axis.

ﬂf Each of the terms in the equation will now be identified.

ﬁ Unlt vector ug defines the direction of the AB axis of the rod, Fig. 4-23b, where

I'p {0.4i + 0.2} m
E - \/({}.4 m)> + (0.2 m)?

u, — — 0.8044i + 0.4472j

Vector r is directed from any point on the AB axis to any point on the line of action of the force.
¢ For example, position vectors rc and rp are suitable, Fig. 4-23b. (Although not shown, rgc or
! rgp can also be used. ) For simplicity, we choose rD, where

: Mag=Ug- (IXF) 43l G 5 eaiall Jalaill alasind i 4

QAA;JS_imd\X.\(uM}AB JﬁMé\F eﬂ\d&hwm_\.%ﬂ\ﬁw\ 5\5,);&&\)33@\&5@&‘){34

ﬁﬂﬁﬂﬁﬂﬂ'ﬁ'ﬁ'ﬁ'ﬂ'ﬁ*ﬂ'ﬁ*ﬂ'ﬁ'ﬂ'ﬁ'ﬁ'Q'ﬁ'ﬁ'ﬁ'ﬁ'ﬂ'ﬁ'ﬂ'ﬁ'ﬂ'ﬁ'ﬂ'%ﬁ%ﬁ%ﬁ%ﬁ%ﬁ%%ﬁ%ﬁ%ﬁ%ﬁ%ﬁﬁﬁ

Adaleall J}hﬁf

g

i

Cua (p234 JSG A LS ccwnmdliAB ) sawoladlyp Bas gl Antia Sl

4

A

e\m\uSAJJM\J_\MUJL ajﬂ\&sh&sm&ﬁé\AB J}Mé&@d\wm&r@aﬂ\mu\g
4
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" rp={0.6i} m
The forceis @55l Lal:

F {-300k} N

i Substituting these vectors into the determinant form and expanding, we have

fe Jrand cc_mj_d\ & (determinant form) Badaall 3 pall A Glgaiall ode mJj’-\ﬂ-\j

0.8944 0.4472 0
MABZUB.(TDXF): D-E) D D
O 0 —300

0.8944[0(-300) - 0(0)] - 0.4472[0.6(-300) - 0(0)] + 0[0.6(0) - 0(0)] = 80.50 N . m

his positive result indicates that the sense of Mag is in the same direction as us.

m -

xpressing MAB in Fig. 4-23b as a Cartesian vector yields
Ug . o3l Ll (& 0 sMag o3l ) ) das sall Al oda 5l
(e diant S804 s sea e 234 KA SMap s Lnaill

MAB = MagUs = (80.50 N . m)(0.8944i + 0.4472j) = {72.0i + 36.0j} N . m Ans.

‘vff NOTE: If axis AB is defined using a unit vector directed from B toward A, then in the above

o 2 2 B B 2 B 2 2 2 2 B 2 2 £ 2 2 2 B 2 £ B 2 2 B B £ B 2 2 B B e B B By B B S B 2 B S e S B 2 £y

Yo e B 22

@f { formulation -us would have to be used. This would lead to

&J}ahﬁ)j mu\m\_\.\aﬂ& uB e\d;_\.u.\\_m_a‘Aij wmamjme\muAB JﬁM\JJJ’_}raJ

[J

o
N S e W N S G S S G

Mag = -80.50 N . m. Consequently, Mas = Mag(-Ug), and the same result would be obtained.
Al damill i e J seand) dis

\p

Example

Determine the magnitude of the moment of force F about segment OA of the pipe assembly in
Fig. 4-24a.

o
a
o
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SOLUTION
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R R R R R R R R R i e e e e R i R e B B e A e R R
g The moment of F about the OA axis is determined from

Al (WOA sae JaF 8l o e paad ol 4

7 Moa = Uoa . (r X F),

I where r is a position vector extending from any point on the OA axis to any point on the line of
actlon of F. As indicated in Fig. 4-24b, either rop, roc, rap, Or rac can be used; however, rop
WI|| be considered since it will simplify the calculation.

! The unit vector Uoa, which specifies the direction of the OA axis, is
bﬁj\whé{—c&@_\&\é\OA )P&mﬁ\ww&ymy,r u\\_\.\A

.gw‘ Mﬂf

o £y 2 2 B B ﬁﬁ%ﬁ%ﬁ%ﬁ%ﬁ%ﬁﬁ%ﬁ%ﬁﬁﬁ%ﬁﬁﬁ

»0A

”E
b
]
2
7
.
[

roa {031 + 0.4j} m

roa V(0.3 m)2 + (0.4 m)?

¢ and the position vector rop is
: 568 gaa sall dnia L

roo = {0.5i + 0.5k} m

The force F expressed as a Cartesian vector is

&;JLQS@)LSJJMD)M&;Q\_USJF ojﬂ\j

v - (e
Fcp

{0.4i — 0.4j + 0.2K} m

%%%%%%ﬂa%ﬂa%ﬂa%ﬂ%ﬂ%ﬂ%ﬂﬂﬂ ﬂﬂ Ep B R 2 2 B B Y 2 2 2 B e B B R 2 2 B B B B 2 2 B B 2 B 2 2 B Bl 2 B B By B B S B S B S B e £

Byt ety ey e sy e sy e 2y Bl 2y Bl By e 2o e 2ol 2o e 2o e 2 e 2o e 2o e 2 e Sy e Syl Sy e Sy e S

— (300 N)
V(0.4 m)2 + (—0.4 m)2 + (0.2 m)?
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{200i - 200j + 100k} N

Therefore
Mos = ups - (rop X F)
0.6 0.8 0
= 0.5 0 0.5

200 —200 100

0.6[0(100) - (0.5)(-200)] - 0.8[0.5(100) - (0.5)(200)] + 0 = 100 N . m Ans.

oment of a Couple

> =

couple is defined as two parallel forces that have the same magnitude, but opposite
dlrections, and are separated by a perpendicular distance d, Fig. 4-25. Since the resultant force

7 is zero, the only effect of a couple is to produce an actual rotation, or if no movement is

ﬂ Qﬁ Ep 2 2 2 B 2 S Yy B B B B B B 2 B B B S B S B SN Ble e B 2y

45? p053|ble, there is a tendency of rotation in a specified direction. For example, imagine that you
E are driving a car with both hands on the steering wheel and you are making a turn. One hand
A

4 will push up on the wheel while the other hand pulls down, which causes the steering wheel to

rotate.

(Moment of a Couple)z.s3V ajs 4

3
i
o
i
%
I
3
§
2
2
E
E
£
E.?
!
‘
Ei
5
%
L.
¥

b
m
.|>
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e DM e anall HIS 1Y) 5l ¢z ) g Dlaa) sa as gl = 3l S8 10 g sl Abiasall 5 gl d\mjg
sl 3 1 e 3 a0
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Fig. 4-25

¢ The moment produced by a couple is called a couple moment. We can determine its value by
flnding the sum of the moments of both couple forces about any arbitrary point. For example, in
Flg. 4-26, position vectors ra and rg are directed from point O to points A and B lying on the

¢ line of action of -F and F. The couple moment determined about O is therefore

e & sane o) SR (e die 335 (S5 (Couple Moment). g3 ads (o z 53V oo @ a5l §
‘\..IJLL\A“LLA.\&\JP?)‘)BQ.\.\J)SAMQ.\JJBM

e £ Qﬁ'ﬁﬁ Ep 2 2 2 B Y B By B B B B B B B B B B B B S B S Ble s B S 2 B £

é.{;d_uzﬁ\jj\B 5A d_\_\Ls_\j\ J\O M\wwmrB 5|’Ac».4}d\\.9_mdjs_\ c26 4JS~J\L;‘JM\JM&&
F.>—F u—‘-‘)ﬂ‘J&f—h

10550 Abddl Jsa gz 53l ae U JU\JJ

M=rBXF+rAX-F:(rB-rA)XF

g L

)

Fig. 4-26
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ALY AN AN AR YA A4
g However Fg=TFa+TOrr=Trg- I, SO that

M=rXF (4-13)

his result indicates that a couple moment is a free vector, i.e., it can act at any point since M

o

epends only upon the position vector r directed between the forces and not the position vectors
rA and rg, directed from the arbitrary point O to the forces. This concept is unlike the moment of

i a force, which requires a definite point (or axis) about which moments are determined.

%ﬁ%ﬁﬁﬁﬁﬁa%ﬁ%ﬁ%ﬁﬁﬁ

_.A_uuM e):d\_f}_; m&\é)_’yd\usmd\‘(FreeVector)Pm}z7})\eﬁd\é\mj\a_u,Mg
é@aﬂmwQMJ“Mm%5M&qwﬁﬂwhw%w%mw¢@&w¢4wuuéhﬂﬁ
o §

°

Ep e

ej)’l\d};m(bm \JﬁM 5\) DJA.A‘\.ASJ&_\SL_U&JM eojsl\e)sd.cqh;_ae}@_ul\ \Jfaj
Scalar Formulation. The moment of a couple, M, Fig. 4-27, is defined as having a magnitude of 4
jhu\)\A.odJub Q77— 4JS...J\§LASc|\/| 75Jl\ ‘).C\J‘):u MM\@M\

M=Fd (4-14)

1
-

Ep 2SN B e 2 B £y 2 2 Bl B B B 2 2 2 B £ B £ 2 2 2 2l 2 B 2l 2 2 e 2l 20 B 2 2 B 2o £ 2 £ 2y 2 2l 2o B £ B 2 2 B Bl £l B 2 2 B 2o B B S R S B SNe Bl 20 £

Ep 2SN B B Sy 2 B Bl B B BV 2 B 2 B £ BV B 2 2 2 Bl 2 £ B 2 B Bl B £ EY By 2 £l B Bl £ B e By B B B B B B £

Fig. 4-27
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ﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬂﬁﬁ
) ‘I where F is the magnitude of one of the forces and d is the perpendicular distance or moment

4 arm between the forces. The direction and sense of the couple moment are determined by the

4
4 right-hand rule, where the thumb indicates this direction when the fingers are curled with the

Seste

4 sense of rotation caused by the couple forces. In all cases, M will act perpendicular to the plane
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Vector Formulation. The moment of a couple can also be expressed by the vector cross product

7 using Eq. 4-13, i.e.,
d)@\@bﬂu\.@éﬂ‘s&@\f\ \_1‘)...45\ e\a;_u.ubcjjj\ ale (e il L.AJ‘QS.A.\A—‘M\@M‘

M=rXF (4-15)
Application of this equation is easily remembered if one thinks of taking the moments of both
¢ forces about a point lying on the line of action of one of the forces. For example, if moments are 4
taken about point A in Fig. 4-26, the moment of -F is zero about this point, and the moment of
F is defined from Eq. 4-15. Therefore, in the formulation r is crossed with the force F to which

! it is directed.

&553\ ’h\&ch&&:WJ};wﬂ\ejﬁJ;\dﬁj_&s_d\eb\)SJ.J\J.@...A.AJJL,_AMQ&(;\M\Q}S_\}
e\/)é.méj\_..u_gé\.b'sﬂ\ sda J n—F E}ﬂ\ aE ok 264 I ngA dagyl) J};e})':i\ _\';\e'_'\\_\\ er\JMGLA/g
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4

Lo aiant AIF 58l ae Balad) ey asiall ol A (15-4) Aalaadl A GaF 368l o 5o paat o3y @g

/lir

4

! Equivalent Couples. If two couples produce a moment with the same magnitude and direction, g
o

then these two couples are equivalent. For example, the two couples shown in Fig. 4-28 are &
A

¢ equivalent because each couple moment has a magnitude of g
W

/ﬁr
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°

M =30N(0.4m)=40N0.3m)=12N.m,

and each is directed into the plane of the page. Notice that larger forces are required in the

I second case to create the same turning effect because the hands are placed closer together. Also,
|f the wheel was connected to the shaft at a point other than at its center, then the wheel would

i still turn when each couple is applied since the 12 N . m couple is a free vector.

O e sl il ki o (Jpemnll L (5 8 alasia o 3k Al Al 3 43f Taay wwgq‘;\mm)&}
L’)Agg\d:\..da.\m.cijdja.u.ul.@_\la‘L&))S)A)'..\c‘das.\md;ﬂ\t'\xﬂe.\h‘\uﬁ“\<.1..4.@_ma_.\é;\g)s‘ohj&dg%ﬂ\g

(Free Vector).o~ 4aic A2 N-mM ae oY ‘oe..a;)l‘ 1

o £ 2 2 B B B B £ £ B B B B 2 Bl S Bl 2

! Resultant Couple Moment. Since couple moments are vectors, their resultant can be determined
by vector addition. For example, consider the couple moments M; and M acting on the pipe in
Fig. 4-29a.

o 2 £ 2 2 Bl B B B 2 B Bl B £ BV 2 2 2 Bl £ BV B 2 2 B 2 £ B B B B B B B B BV B £
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(a)

Since each couple moment is a free vector, we can join their tails at any arbitrary point and find

Ep 2 2 S B 2 Ep B Ry B B B B S B S B S Ble S B 2

)
o

! the resultant couple moment, Mg = M; + M; as shown in Fig. 4-29b.

e R

1Jeanall o 3al) sl o3 el sl Al (g vie Lagilyy a5 Lagaan (S 438 da Gate aad 55 00 IS O Las

D.29-4 JS&l b mase 8 L& MR=M1+M2

Ep R 2 Bl 2 B e 2 2 Bl B B B 2 2 2 Bl s 2 B 2 2 B 2o B B B £y

7 If more than two couple moments act on the body, we may generalize this concept and write the

» vector resultant as
S sail e Hgata iy Joanal o jal) BUS 5 5 ,S aren (Sa camall Lo 53 e (e STl 13

Mr=>(r XF) (4-16)
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e A
y « These concepts are illustrated numerically in the examples that follow. In general, problems

453 projected in two dimensions should be solved using a scalar analysis since the moment arms
o

4 and force components are easy to determine.

sl PARENE aLu‘y\uu Jilosall Ja5 cale J Al cilsa A\édv\\c‘ PR A (e aalaall o2a M}.ﬂj

paall g () 685 (g 8l S a5 02 g3 OY ¢ (Scalar Analysis) sl 4

o2y 2 2 B B B S B 2

ﬂf Important Points

g A couple moment is produced by two noncollinear forces that are equal in magnitude but
g opposite in direction. Its effect is to produce pure rotation, or tendency for rotation in a

% specified direction.

% A couple moment is a free vector, and as a result it causes the same rotational effect on a body
% regardless of where the couple moment is applied to the body.

% The moment of the two couple forces can be determined about any point. For convenience,

g this point is often chosen on the line of action of one of the forces in order to eliminate the

% moment of this force about the point.

% In three dimensions the couple moment is often determined using the vector formulation, M =
@f r X F, where r is directed from any point on the line of action of one of the forces to any

@f point on the line of action of the other force F.

Ef A resultant couple moment is simply the vector sum of all the couple moments of the system.

b
E:
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! M=rxF gl aoed eniall duladll fale 2385l a1 4505 il oo
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f;f g
g Example g
A W
& Determine the resultant couple moment of the three couples acting on the plate in Fig. 4-30. b
W W
g ; o
E _3()*4@\@@_@\@;s):wasmc\jjmw\eﬂg;j\g
W W
o o
W W
p b
4 A
¥ ¥
E F,=2001b i
4 F;=3001b 4
4 )
af —d; =4 ft af
i F,=4501b Al —— i
| ry o0 o |
4 - S 4
i Coory ] i
4 x . : 4
o o . o
1 F> =4501b &
A 4
i 4
! Fi=2001b{  F, =3001b !
4 4
b Fig. 4-30 1
% SOLUTION %
% As shown the perpendicular distances between each pair of couple forces are g
i 1 )oY B8 e g dS Om A sead) QL) (8 (miia g0 58 LS
A 4
¥ di=4ftd,=3ft andds =5 ft. 4
4 Considering counterclockwise couple moments as positive, we have &
% OJ;memu\u)umm\ws;@mﬁnejﬂ\uumuﬁ%
i 26
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: +Mr=YM:  Mg=-Fid; + Fod; - Fads
4

% = -(200 Ib)(4 ft) + (450 Ib)(3 ft) - (300 Ib)(5 ft) = -950 Ib . ft = 950 Ib . ft b Ans.

4 The negative sign indicates that MR has a clockwise rotational sense.
M:u\ g_I‘)\AC - d‘)}ﬁ o\.;J ‘UMR J..A;AJ\ ?J’j\ d\ asj\ A_JLJ\ a)\.m‘}[\ ‘).Luu

Example

Determine the magnitude and direction of the couple moment acting on the gear in Fig. 4-31a.

8.31-4 S b Gl e 5i5all 530 e ol sl a5

600 sin 30° N

E=oN _F=600N

600 cos 30° N

[)

300 ‘i 300 ‘g,/ i
1/v
Ve
F=600N F=600N 600sin30°N

(a) (b)

OLUTION

he easiest solution requires resolving each force into its components as shown in Fig. 4-31b.

4 4 0

he couple moment can be determined by summing the moments of these force components

bout any point, for example, the center O of the gear or point A. If we consider

o D

ounterclockwme moments as positive, we have
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F=600N

F=600N
(c)
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1 M =_MO: M = (600 cos 30° N)(0.2 m) - (600 sin 30° N)(0.2 m) = 43.9 N . md Ans.
@f or
y (+ M =_MA; M = (600 cos 30° N)(0.2 m) - (600 sin 30° N)(0.2 m) = 43.9 N . md Ans.

ﬁ < This positive result indicates that M has a counterclockwise rotational sense, so it is directed

==Y

4 outward, perpendicular to the page.

b Al 2 A ) asie seb L5 delud) o lie oladl (uSe )52 olai) 4lM SACIREEPWERNPUNSH-S
Lo (53 9ac 54

ﬂ:r NOTE The same result can also be obtained using M = Fd, where d is the perpendicular

=R

‘ﬂ distance between the lines of action of the couple forces, Fig. 4-31c. However, the computation
@f ¥ for d is more involved.

@f Realize that the couple moment is a free vector and can act at any point on the gear and produce

N S S N S S N S G T S Y

4f
g the same turning effect about point O.
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Determine the couple moment acting on the pipe shown in Fig. 4

Segment AB is directed 30° below the x-y plane.
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SOLUTION | (VECTOR ANALY SIS)

(b)

7

The moment of the two couple forces can be found about any point. If point O is considered,
F

ig. 4-32b, we have

ot W8 (p324 J<& ¢ OQddanll u)uc\ 13) ddas &\ Js~ (couple forces) oxis 53 3 (i 68 o e Al ¢

st by Sy e et 2 2 sty P e e ey e e e S ey e e e B e e sty e sy e e e syl st e Sy e e st et 2y e sty e e el e e Sy e e’y

M = ra X (-25k) + rB X (25K)

= (8j) X (-25K) + (6 cos 30°i + 8j - 6 sin 30°k) X (25k) = -200i - 129.9j + 200i

={-130j} Ib . in. Ans.

It Is easier to take moments of the couple forces about a point lying on the line of action of one

of the forces, e.g., point A, Fig. 4-32c. In this case the moment of the force at A is zero, so that

uAC 32 4JS.~J\cAw\Jmcu.ujﬂ\dh\ﬂbh&;&&&dpchﬂ\eﬂ\ﬁjﬁej}A;\J@_mY\uA
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G A AL A A A A AT AT A AT A A A AL A A A A
¥ M = rag X (25K) = (6 cos 30°i - 6 sin 30°K) X (25k) =
jé? SOLUTION Il (SCALAR ANALY SIS)

Y

g Although this problem is shown in three dimensions, the geometry is simple enough to use the

% scalar equation M = Fd. The perpendicular distance between the lines of action of the couple

@A AN
{-130j} Ib . In. Ans.

ﬁ forces is

33 gand) AL M=Fdl, el Al ala250Y 8 Ly Al Fustig (3 ealas1 A5 ALl (f (e a ) e
ot oAl ol 58 5l s g

d=6co0s30°=5.196 in.,

Fig. 4-32d. Hence, taking moments of the forces about either point A or point B yields
&J@B)\AM\&G\JPEJJ’J‘&L’ coJLﬂL\}

=Fd=251b(5.196in.)=129.91b . in
Applying the right-hand rule, M acts in the -j direction. Thus,
olail 8 ) olai) ()5S0 el ) Bacld alasiuly
M ={-130j} Ib.
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