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¥ CHAPTER OBJECTIVES

. * To discuss the concept of the moment of a force and show how to calculate it in two and three

o 2 2 2 2o 2 B B 2 B B B B B S B SN Ble s B S 2 e £

d|men3|ons

ﬂgr‘ * To provide a method for finding the moment of a force about a specified axis.

e 2 2

‘57( * To define the moment of a couple.
ﬁ

* To show how to find the resultant effect of a nonconcurrent force system.
g * To indicate how to reduce a simple distributed loading to a resultant force acting at a specified

ot .
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Fig, 4-1

(a) (b)
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ﬂf 4 4.1 Moment of a Force Scalar Formulation

% When a force is applied to a body it will produce a tendency for the body to rotate about a point
% that is not on the line of action of the force. This tendency to rotate is sometimes called a

ﬂf torque but most often it is called the moment of a force or simply the moment. For example,

ﬂf consider a wrench used to unscrew the bolt in Fig. 4-1a. If a force is applied to the handle of

ﬂf the wrench it will tend to turn the bolt about point O (or the z axis).

EP By 2 2 B B 2 B B By B B B B B B 2 2 B Bl £ B £ 2y B B B B B B S Bl S B 2 B S B B £

fossall Aol -3 e

Ol Jaall 13 a5 58 LA o e oY A a0 ) sall sl e aas Lgild cansn e 58 (Gl Loie &
by Ui o e 8 (el Jasws o el Aabsy 513681 0 e cansy Le Wlle 4515 ¢ (Torque) e Gl g
D A paleall 5355 1) i Ll i) i e 58 G 3 3, 14 U1 8 LS s ol emﬁ
Z).s5n 51O (&asﬂ\

i The magnitude of the moment is directly proportional to the magnitude of F and the

perpendicular distance or moment arm d. The larger the force or the longer the moment arm, the
/ greater the moment or turning effect. Note that if the force F is applied at an angle 6 # 90°, Fig.
4

1b, then it will be more difficult to turn the bolt since the moment arm d” = d sin 6 will be

! smaller than d. If F is applied along the wrench, Fig. 4-1c, its moment arm will be zero since

o
a
o
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y 4 the line of action of F will intersect point O (the z axis). As a result, the moment of F about O is i

o=

ﬁ
v also zero and no turning can occur.

35 el 1,3 Osha 5l ol 5 LS ], aall g3 5 dua sand) dlaall 5 F 551 i pa Gyl couilii o ),J\J\m
oY) (ya 5Sansd 14 JSE 5 LS ¢ B £ 905l 3u F 558l Gl 3 13 il Laay @\”ﬂ\yu\j\eﬂ\
LS rliddl Jsh e F uki o313 5 d, (e sreal G sSeu d’ = d sin 0 il 2 3al 153 OY 4 salall )ﬂﬁmg

Foe Ol il dasing 7). Hsae O (i) adaians F 3580 i lad Y 1 ha ) sSam el 1,3 8 cc 14 JSIJJ\E

Ep B2 e B B £

i We can generalize the above discussion and consider the force F and point O which lie in the
¢ shaded plane as shown in Fig. 4-2a. The moment Mo about point O, or about an axis passing
through O and perpendicular to the plane, is a vector quantity since it has a specified magnitude
and direction.
. 2—4 JS) 8 za e 9 LS Jlaall (5 gisall A (il ) O Adaiill 5 F 58 ) )mgav@imumﬁu;msqg
olail 5 lata 4l 43Y dgatia 4aS g s siuall e Bagee 05850 e e psaa dsa sl « Odbasall Jsa MO e)’i‘g
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I\/Iagmtude The magnitude of Mg is
Mo = Fd (4-1)
! where d is the moment arm or perpendicular distance from the axis at point O to the line of
1 action of the force. Units of moment magnitude consist of force times distance, e.g., N. mor Ib
.

o 2 B Bl B B B £ Bl 2 B e B B 2 2 2 2 B £

9 MO a2l laas )\Js.d\

MO =Fd (4-1) ‘Ef

o 08T o all laie a5 5l i las 1) O Al die ) small (go A0 sanll Al f 2 3all g1 53 58 unigf;f
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e A
‘“ Direction. The direction of Mo is defined by its moment axis, which is perpendicular to the

zgz plane that contains the force F and its moment arm d. The right-hand rule is used to establish
E the sense of direction of Mo. According to this rule, the natural curl of the fingers of the right
ﬁ hand as they are drawn towards the palm, represent the rotation, or if no movement is possible,
g there is a tendency for rotation caused by the moment. As this action is performed, the thumb of

I the right hand will give the directional sense of Mo, Fig. 4-2a. Notice that the moment vector

SR

4 1s represented three-dimensionally by a curl around an arrow. In two dimensions this vector is

e

« represented only by the curl as in Fig. 4-2b. Since in this case the moment will tend to cause a

=3

4 counterclockwise rotation, the moment vector is actually directed out of the page.
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Moment axis

F> Y

Fig. 4-2 Fig. 4-3
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‘“ Resultant Moment. For two-dimensional problems, where all the forces lie within the x—y plane, i

o=

ﬂf Flg 4-3, the resultant moment (Mg )o about point O (the z axis) can be determined by finding
% the algebraic sum of the moments caused by all the forces in the system. As a convention,

% we will generally consider positive moments as counterclockwise since they are directed along
% the positive z axis (out of the page). Clockwise moments will be negative. Doing this, the

‘57 directional sense of each moment can be represented by a plus or minus sign. Using this sign
ﬂf conventlon with a symbolic curl to define the positive direction, the resultant moment in Fig.

ﬂf 4-3 is therefore

aan3 (S 34 JSEN 3 LS ¢ Xy siaall JA13 (5 58l pnen @ Cua cdlag ) AL Jilosall dpuailly @u\e}s\--
B sl e e Aadlill g 5=l (5 juall & ganall ala) 32k (e 7) Hsae O (Al s (MR)O gl o ) @7
i 5all 7 ) sae sk e A 5o LY deludl (o jlie olad) (e Ln pall ag jall ple IS8 jiain dglals aUan) ¥
Ladle sl 530 e IS oladl Jiiad ¢Sy ¢ aladinly Adls () sSind delall o jlie pa o g jall Ll _(umﬁ\@u)%
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LAS3—4 J&J\&@Lﬂ\e}j\ _USJ c\_a;}d\ D\A_I\éj\ JJJA.’J(«L&AJ‘ JAJ Apjcaa‘uﬂl_m‘}“ RS ?\ML‘ quLU 5\4_1;}0@

Ep RS B By S By B B e B BV £ %ﬁﬁﬁﬁﬁﬁﬁﬂﬂﬂﬁﬁﬁﬁﬁﬁﬁﬁﬁ%ﬁ%ﬁ Ep e

(MRr)o = > Fd; (MR)o = F1d1 - Fa2d2 + F3ds

4 If the numerical result of this sum is a positive scalar, (Mg )o will be a counterclockwise

2o e 2l 2l 2l 2l 2 2 Bl Bl 2l 2l £l 2l 2 2o e Ble e Bl B

4
g moment (out of the page); and if the result is negative, (Mg )o will be a clockwise moment (into

g the page).

\J\j ‘(433..45\ 7)5) acllll x_U\AC w&s LA).C d}&u (MR)O QLS ‘L—\A}A 3 &M\ \J@J ‘\..\JJ:J\ 4\.;.\.\.&\ cils \A\
(4;&.45\ J;\A) ac L) < lac = K oe O S (MR)O o cdalli Aaiil) \_LILS

Example
For each case illustrated in Fig. 4-4, determine the moment of the force about point O.
OM‘JP"}SM(‘)‘; A 4 — 4@\@4“%4_“.;&

SOLUTION (Scalar Analysis)
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‘L?f‘ﬁfif‘ﬁf(if‘ﬁf47?(‘5?ﬂﬁf‘ﬁfﬂﬁf‘ﬁfﬂﬁf‘ﬁfﬂﬁf‘ﬁfﬂﬁfﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁfﬁfﬁfﬁfﬁfﬁfﬁfﬁfﬁfﬁf? i 4 4
gThe line of action of each force is extended as a dashed line in order to establish the moment

4 arm d. Also illustrated is the tendency of rotation of the member as caused by the force.

o=

4 Furthermore, the orbit of the force about O is shown as a colored curl. Thus,
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100N

Fig. 4-4a Mo = (100 N)(2 m) =200 N . m

S0N
Fig. 4-4b Mo = (50 N)(0.75m) =37.5N . m
AN
2 ft
\ \%4{] b

Ofa ‘
&L ,t' = |
|
| st | !

2 cos 30° ft

(c)

Fig. 4-4c Mo = (40 Ib)(4 ft + 2 cos 30° ft) =229 Ib . ft
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AU AU AU AU AU N YA AN AR A TR0y
g SOLUTION

ﬂf Assumlng that positive moments act in the + k direction, i.e., counterclockwise, we have
éu\és dm;.l ac L) L_IJ\AG c\A.i\ u,us.(; L5\ ¢ +kclA.1\‘_$d«uu4_\A)AM e}ﬂ\ u\ ua\‘).ﬁl_l

P

¥ ( +(MR)O = _Fd;

ﬁ (MR)o =-50 N(2 m) + 60 N(0) + 20 N(3 sin 30° m) -40 N(4 m + 3 cos 30° m)

¥ {(Me)o=-334N. m=334N..m :

ﬂf ! For this calculation, note how the moment-arm distances for the 20-N and 40-N forces are

ﬂf established from the extended (dashed) lines of action of each of these forces.

aal) Jarll da shad (ga (5593 40 5 (55523 20 O 80 o ) &) 53 il 2aa% 408 LaaY cbual) 13g] Apually
OB e e IS (Aadasiall)

4 2 Cross Product

@f The moment of a force will be formulated using Cartesian vectors in the next section. Before

Ep 2 2 S B S B Py B e B B £

ﬂ% doing this, however, it is first necessary to expand our knowledge of vector algebra and

Al o . : L
% introduce the cross-product method of vector multiplication, first used by Willard Gibbs in
‘57 lectures given in the late 19th century.

@f The cross product of two vectors A and B yields the vector C, which is Written

(Cross Product)gaiall i puali4 2

L5 e qoims 53 Y 51 (5 g mall (po ol oLl U8 U sl 8 A Sl clgaiall oty 5 58l o e A2 s
Gl palae (b a3 05 U8 e 8 e Y Caeaddinl 15 clgatiall gaiall (o puiall 48 jha iy ceaiall jaally @;f
e aldl) ¢yl F\jié@umﬁf

S Mg «C AnidIB A el eaiall u).ml\é_m_\ﬁ

ﬁﬂﬂ'ﬁfﬂ'%ﬁ'ﬁ'ﬁ'ﬁ'ﬂ'ﬁ'ﬁ'ﬁ'ﬂ'ﬁ'ﬂ'%ﬁ%ﬁ%ﬁ%ﬁ%%%ﬁ%ﬁ%ﬁ%ﬁ%ﬁﬁ%ﬁﬁaﬁfﬁ'%ﬁ'ﬁ'ﬁ'

o 2 B Ele £

C=AXB (4-2)
and is read “C equals A cross B.”
Magnitude. The magnitude of C is defined as the product of the magnitudes of A and B and the
i sine of the angle 6 between their tails (0°< 6 <180°). Thus, C = AB sin 6.
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e A
‘“ Direction. Vector C has a direction that is perpendicular to the plane containing A and B such

% that C is specified by the right-hand rule; i.e., curling the fingers of the right hand from vector
%A (cross) to vector B, the thumb points in the direction of C, as shown in Fig. 4-6.

% Knowing both the magnitude and direction of C, we can write
B". seaie iy A (s sk "C 1y 4

Leed 523 (0 L) cus AsB Jlaia (SBA i @ pia Juals Al deC o laie oy (Magnitude): J4dall 4
C=ABsin 0 . « UL (0°<6<180°).

C s duaB A e i @A s sl e B gee 55 AlsiIc m.d\dlw(Dwectmn) slad¥! 4
‘_g(a\.@_\\}?\WsBM\é\(M\uM\A(M\QAM\M\@L@\Jmﬁ\ @d\ﬂ\od&:b&u\y
6— 4M\@C-4}A}AL“S‘C

ﬁﬁ Ep 2 2 S e B B E By e B e ﬁﬁﬁ%ﬁ%ﬁ%ﬁ%ﬁﬁﬁ

2
=S

Mbsu&ccwa@\ﬁ\j‘)\w\wdsu)u@

C=AXB=(ABsin0)uc (4-3)
where the scalar AB sin u defines the magnitude of C and the unit vector uc defines the

¢ direction of C. The terms of Eq. 4-3 are illustrated graphically in Fig. 4-6.

Wi 3-4 daleal) yalic zoa s &5C, elaille (s sl aniall 20y C HINABSING Gu\_ud\ 222l 2asy Cus
.64 JSMK\

Laws of Operation.

» The commutative law is not valid: i.e.,

(Laws of Operation):<idasd) ol g8

d‘ (i e adalall 8,

AXB#B X A. Rather, AXB=-BXA
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A A0 A A0 A0S A AL A A AL A AL AT S AL AL AL
%This Is shown in Fig. 4-7 by using the right-hand rule. The cross

% product B X A yields a vector that has the same magnitude but acts in the opposite direction to
o
‘Ef C;ie,BXA=-C.

» If the cross product is multiplied by a scalar a, it obeys the associative law;

8 Jerg 431 il i Al i BXA gaiall ol Jasy | i) sl 3ol aladinly 74 JSal b elld ~in )
: BXA=—C.s1 «C d [Slaall sla3¥)

f(aaadl) (538 el (o8 aihy a3ld (g ol 23 B gaidl G pall 51

a(AXB)=(aA) XB=A X (aB) =(A X B)a
ThIS property is easily shown since the magnitude of the resultant vector ( \a| AB sin 0) and its
d|rection are the same in each case.
* The vector cross product also obeys the distributive law of addition,
A X (B +D)=(AXB)+(AXD)
« The proof of this identity is left as an exercise (see Prob. 4-1). It is important to note that

! proper order of the cross products must be maintained, since they are not commutative.
Alls JS B pldie aaladl 5 (@ ABsinG @lll asiall jlaia o) Cus oA seun dpalaldl oda jleda) (Say
D) e gl il iy cleaiall eaiall o pall T LS
Ax(B+D)=(AxB)+(AxD)

geaal) qu il e Blial) Cong 430 ddaaSle agall e (14 Allisall Hhail) o peiS 4 sedl 038 il & 350
LAl e Y (gt Gl

O

artesian VVector Formulation. Equation 4-3 may be used to find the cross product of any pair
of Cartesian unit vectors. For example, to find i X j, the magnitude of the resultant vector is

¢ (i)(j)(sin 90°) = (1)(1)(1) = 1, and its direction is determined using the right-hand rule. As
shown in Fig. 4-8, the resultant vector points in the +k direction. Thus, i X j = (1)k. In a S|m|Iar

manner
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ﬂiff-ﬂff@fﬁ@fﬁﬁfﬁrﬂfﬂ;mfﬂirfifﬂiriffﬁfﬁféfmifﬁﬁfﬁﬁfﬁﬁﬁﬁﬁﬁﬁ%ﬁﬁﬁﬁﬁﬁﬁﬁﬁfﬁf%ﬁfﬁfﬁfﬁ%ﬁfﬁfﬁﬁﬁ@
4 san 1) Clgaid) (e gz 55 Y (seniall ol Sl 34 Adlaall aladiad oSy A SGal cilgadally Zuéums\‘ﬁf
Ul asdall Hlata ¢S5 eixj alagy (JEa Jan e 4_14)15_133\455

°

o= =

(H(0)(sin90°)=(1)(1)(1)=1

e AL gk, oladl A il andall july (84 JSAI 8 mia ge 9o WS el ) Bacld alaatiiuly aaladl paad 2
. Aliles 43y ylay sixj=(1)k |

iXj=kiXk=-jiXi=0
jXk=ijXi=-kjXj=0
kXi=jkXj=-ikXk=0

hese results should not be memorized; rather, it should be clearly understood how each is

—

o

btained by using the right-hand rule and the definition of the cross product. A simple scheme
shown in Fig. 4-9 is helpful for obtaining the same results when the need arises. If the circle
1s constructed as shown, then “crossing” two unit vectors in a counterclockwise fashion around
the circle yields the positive third unit vector; e.g., k X i = J. “Crossing” clockwise, a negative

nit vector is obtained; e.g., i X k = -J.

—

et us now consider the cross product of two general vectors A and B which are expressed in

O

artesian vector form. We have

all ) BB AR a5 Al JS e J guaald) 4388 e@d@&‘ub)@kus@bﬂ\o&ksasuay
{13 dalal) vie Al s e J peasll s0ie 94 JSEN 8 Gaia gl day ol ddalad ol Aed (seaiall Gyl Cay yat 5 4
M\Gku@w\ujma@\ua&a}\ﬁ\dpuﬁjuju@"uﬂ uu‘c_‘ayﬁuswm\ewﬁ
daie o Jsanll 20 delad) o lic ala.ﬁ@"‘_umh"mu\erj ¢JUall Jas e taa gall GG (5 5aa ) §
|><k——J (JEA) Juw e ‘k_‘nﬂ.u&_shj

Lol A5 LSl Clgaiall dapa 8 Legic JualB SA (el Gneaial eaiall ol a i (Y1 Ligen 4

A X B =(Aci+ Ay j+AK) X (Byi+Byj+BK) = ABy(i X i) + ABy(i X j) + AB:(i X K)
+ AB( X i) + ABy(j X j) + AB:(j X K) + ABy(k X i) + ABy(k X j) + ABy(k X K)
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e A
y Carrymg out the cross-product operations and combining terms yields

AX B = (AB; - AB)i- (AB. - ABY)j + (AB, -ABYK  (4-4)

ThIS equation may also be written in a more compact determinant form as
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hus, to find the cross product of any two Cartesian vectors A and B, it is necessary to expand a -

o -

eterminant whose first row of elements consists of the unit vectors i, j, and k and whose

second and third rows represent the X, y, z components of the two vectors A and B, respectively.
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