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¢ Occasionally in statics one has to find the angle between two lines or the components of a force
parallel and perpendicular to a line. In two dimensions, these problems can readily be solved by
trlgonometry since the geometry is easy to visualize. In three dimensions, however, this is often

¢ difficult, and consequently vector methods should be employed for the solution. The dot
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ﬂf product which defines a particular method for “multiplying” two vectors, can be used to solve

=3

4 the above-mentioned problems.
g The dot product of vectors A and B, written A . B and read “A dot B,” is defined as the product

=3

E of the magnitudes of A and B and the cosine of the angle u between their tails, Fig. 2-40.
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41 Expressed in equation form,
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A .B=ABcos 0 (2-12)
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Fig. 2-40

! where 0° < < 180°. The dot product is often referred to as the scalar product of vectors since

the result is a scalar and not a vector.
Gaie g Gida 133 (& =il oY (Scalar Product) @) pdall Glal oy

Laws of Operation.hiill q pall il g

Y 2 2 B £ B 2 2 B B 2 B B By B 2 B B B B S B S Bl S B S 2 e £

o

4

ar 1. Commutative law: A.B=B . A Alalal) o il

ﬂr2 Multiplication by a scalar: a (A . B) = (aA) .B=A . (aB) 2221l @l
45;( 3. Distributive law: A.(B+D)=(A.B)+ (A.D) aosill 58

4

% Cartesian Vector Formulation. Equation 2—12 must be used to find the dot product for any two
i Cartesian unit vectors. For example, i.i=(1)(1)cos0°=1andi.j=(1)(1) cos 90°=0. If we
@f want to find the dot product of two general vectors A and B that are expressed in Cartesian

@f vector form, then we have

ths.m\M\
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A.B=(Ad+A/j+AK). (B +Byj+Bk)
AB(i . 1)+ ABy(i . ) + ABi . k) + AB(j . 1)+ ABy(j . ) + ABj . K+ ABi(k i) +
ABy(k.j)+AB/(k.Kk)
Carrying out the dot-product operations, the final result becomes
A .B=AB, +AB, + AB, (2-13)
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A,=Acosfu, Tu,
Fig. 2-41
! Thus, to determine the dot product of two Cartesian vectors, multiply their corresponding x, y, z

v components and sum these products algebraically. Note that the result will be either a positive

¢ or negative scalar, or it could be zero.

9 ‘uuj\h;y\ax_u)&@u\ c_\hﬂ\@;\)xyz wdﬁ&b@d\uhs‘)d\u‘)m\ cLuJ&JUAPAA«_a)m]cd\

\)&mu}&ﬁ

The dot product is used to determine the angle between two vectors or the projection of a
vector in a specified direction.

If vectors A and B are expressed in Cartesian vector form, the dot product is determined by
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# multlplylng the respective x, Yy, z scalar components and algebraically adding the results, i.e.,

ﬁ A B = AxBx+ AyBy+ AZB~Z.

% From the definition of the dot product, the angle formed between the tails of vectors A and B
@f is 0=cos *A-B/|A||B|

%f The magnitude of the projection of vector A along a line aa whose direction is specified by ua

ﬂ

' is determined from the dot product Aa= A . u..

e ol 4nie Jaliu) ol Caeadia (e Ay ol 1 dpaatl Jladil) (o juall aadiide
sl Uen ) pea s 4aia 17 5y X

A-B=AxBx+AyBy+AzBz
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Determine the magnitudes of the projection of the force F in Fig. 2-42 onto the u and v axes.
422 JKaN v U slaadl e F sl hliu) laie aaa

F=100N

Fig. 2-42

olution

rojections of Force. The graphical representation of the projections is shown in Fig. 2-42.

T T W

rom this figure, the magnitudes of the projections of F onto the u and v axes can be obtained
by trigonometry:
Tl 3y sl (e lblEnY) e e Jgeasdl (S0 422 JSGN 8 daia ge g ga )l cildalinY|
(Fu)proj = (100 N)cos 45° = 70.7 N Ans.
(Fv)proj = (100 N)cos 15° = 96.6 N Ans.
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e A
y NOTE These projections are not equal to the magnitudes of the components of force F along

the u and v axes found from the parallelogram law. They will only be equal if the u and v axes

4 are perpendicular to one another.
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A particle is said to be in equilibrium if it
remams at rest if originally at rest, or has a constant velocity if originally in motion. Most often,
however, the term “equilibrium” or, more specifically, “static equilibrium” is used to describe
i a

n object at rest. To maintain equilibrium, it is necessary to satisfy Newton’s first law of

3

otion, which requires the resultant force acting on a particle to be equal to zero. This
condltlon Is stated by the equation of equilibrium,
YF=0(3-1)

! where _F is the vector sum of all the forces acting on the particle. Not only is Eq. 3-1 a

>

ecessary condition for equilibrium, it is also a sufficient condition. This follows from

Z

ewton’s second law of motion, which can be written as > F = ma. Since the force system
satisfies Eq. 3-1, then ma = 0, and therefore the particle’s acceleration a = 0.

Consequently, the particle indeed moves with constant velocity or remains at rest
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To apply the equation of equilibrium, we must account for all the

Y 2 B B 2 B 2 2 B e B B S B S B e Ble s B 2y

ﬁ known and unknown forces (>'F) which act on the particle. The best way to do this is to think of
ﬂr ¥ the particle as isolated and “free” from its surroundings.

ﬂf A drawing that shows the particle with all the forces that act on it is called a free-body diagram
ﬂf 1 (FBD).

45;( Before presenting a formal procedure as to how to draw a free-body diagram, we will first

4
4 consider three types of supports often encountered in particle equilibrium problems.
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Sprmgs. If a linearly elastic spring (or cord) of undeformed length lo is used to support a

¢ particle, the length of the spring will change in direct proportion to the force F acting on it, Fig.
3 la. A characteristic that defines the “clasticity” of a spring is the spring constant or stiffness
k

The magnitude of force exerted on a linearly elastic spring which has a stiffness k and is

deformed (elongated or compressed) a distance s= /- /b, measured from its unloaded position,

S
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If s is positive, causing an elongation, then F must pull on the spring; whereas if s is negative,
causmg a shortening, then F must push on it. For example, if the spring in Fig. 3—1a has an
unstretched length of 0.8 m and a stiffness k = 500 N/m and it is stretched to a length of 1 m,
sothats-l-lo—lm 0.8 m=0.2 m, then a force F = ks =500 N/m x (0.2 m) =100 N is
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Cables and Pulleys. Unless otherwise stated throughout this book, except in Sec. 7.4, all cables %
(or cords) will be assumed to have negligible weight and they cannot stretch. Also, a cable can
‘s

upport only a tension or “pulling” force, and this force always acts in the direction of the cable.

ﬂ Ep 2 2 B B 2 S Y 2y B B Bl B S B S B S Bl S £

45? it will be shown that the tension force developed in a continuous cable which passes over a

% frictionless pulley must have a constant magnitude to keep the cable in equilibrium. Hence, for

% any angle u, shown in Fig. 3—1b, the cable is subjected to a constant tension T throughout its

i length.
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T
Cable is in tension

(b)
Fig. 31

i Smooth Contact. If an object rests on a smooth surface, then the surface will exert a force on
the object that is normal to the surface at the point of contact. An example of this is shown in
Flg 3-2a. In addition to this normal force N, the cylinder is also subjected to its weight W and
! the force T of the cord. Since these three forces are concurrent at the center of the cylinder, Fig.

3 2b, we can apply the equation of equilibrium to this “particle,” which is the same as applying

! it to the cylinder.
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Fig. 3-2

: Since we must account for all the forces acting on the particle when applying the equations of
¢ equilibrium, the importance of first drawing a free-body diagram cannot be overemphasized. To

construct a free-body diagram, the following three steps are necessary.

£ 2 2 2 B 2 S B By B B B B B B 2 2 B Bl 2 B Ry B B B B B B S B S B S B S B e £

Draw Outlined Shape.
g Imagine the particle to be isolated or cut “free” from its surroundings. This requires removing
g all the supports and drawing the particle’s outlined shape.
g Show All Forces.
% Indicate on this sketch all the forces that act on the particle. These forces can be active forces,
ﬁwhich tend to set the particle in motion, or they can be reactive forces which are the result of
@f the constraints or supports that tend to prevent motion. To account for all these forces, it may be
% helpful to trace around the particle’s boundary, carefully noting each force acting on it.
ﬁ Identlfy Each Force.
% The forces that are known should be labeled with their proper magnitudes and directions. Letters <

4 are used to represent the magnitudes and directions of forces that are unknown.

e e e e et e e o2
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¥ Example 3.1
The sphere in Fig. 3-3a has a mass of 6 kg and is supported as shown.

Draw a free-body diagram of the sphere, the cord CE, and the knot at C.
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ﬁ ¥'Solution

ﬂij Sphere. Once the supports are removed, we can see that there are four forces acting on the
gsphere namely, its weight, 6 kg (9.81 m/s?) = 58.9 N, the force of cord CE, and the two normal
ﬁ ¥ forces caused by the smooth inclined planes. The free-body diagram is shown in Fig. 3-356.

g Cord CE. When the cord CE is isolated from its surroundings, its free-body diagram shows

g only two forces acting on it, namely, the force of the sphere and the force of the knot, Fig. 3-3c.
ﬂf Notice that F CE shown here is equal but opposite to that shown in Fig. 3-35, a consequence of
ﬂf Newton’s third law of action—reaction. Also, FCEand FEC pull on the cord and keep it in

ﬂr 4 tension so that it doesn’t collapse. For equilibrium, FCE = FEC.

ﬂg Knot. The knot at Cis subjected to three forces, Fig. 3-34d. They are caused by the cords CBA
% and CE and the spring CD. As required, the free-body diagram shows all these forces labeled

ﬂf 4 with their magnitudes and directions. It is important to recognize that the weight of the sphere

ﬂf does not directly act on the knot. Instead, the cord CE subjects the knot to this force.
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F . (Force of knot acting on cord CE)

F (Force of sphere acting on cord CFE)

(c)

Fp4 (Force of cord CBA acting on knot)

# Fp (Force of spring acting on knot)

Fcr (Force of cord CE acting on knot)

(d)
Tig. 3-3
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(Force of cord CE
acting on sphere)

(Forces of smooth planes
acting on sphere)

589N
(Weight or gravity acting on sphere)

(b)

I If a particle is subjected to a system of coplanar forces that lie in the x—y plane, as in Fig. 3-4,
then each force can be resolved into its i and j components. For equilibrium, these forces must
¢ sum to produce a zero force resultant, i.e., >F =0

YExi+ Fyj=0

i For this vector equation to be satisfied, the resultant force’s X and y components must both be
¢ equal to zero. Hence,

YFx=0

YFy=0 (3-3)

@f These two equations can be solved for at most two unknowns, generally represented as angles

Yo 2 B B £ B 2 2 2 B B 2 2 B Ry B 2 B B £ B 2 2 B Bl £ B e 2y B B B B B B B B S B S B S e e B 2 £y

% and magnitudes of forces shown on the particle’s free-body diagram.

%When applying each of the two equations of equilibrium, we must account for the sense of
‘57 direction of any component by using an algebraic sign which corresponds to the arrowhead
@f dlrectlon of the component along the x or y axis. It is important to note that if a force has an
@f unknown magnitude, then the arrowhead sense of the force on the free-body diagram can be
g assumed. Then if the solution yields a negative scalar, this indicates that the sense of the force

4 .
4 Is opposite to that which was assumed.
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For example, consider the free-body diagram of the particle subjected to the two forces shown

in Fig. 3-5. Here it is assumed that the unknown force F acts to the right, that is, in the positive
x direction, to maintain equilibrium. Applying the equation of equilibrium along the x axis, we
have +YFx=0; +F+10N=0

¢ Both terms are “positive” since both forces act in the positive X direction. When this equation is
solved F =-10 N. Here the negative sign indicates that F must act to the left to hold the particle
|n equilibrium, Fig. 3-5. Notice that if the +x axis in Fig. 3-5 were directed to the left, both
terms in the above equation would be negative, but again, after solving, F =-10 N, indicating
! that F would have to be directed to the left.
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# Important Points

@f The first step in solving any equilibrium problem is to draw th particle’s free-body diagram.

g This requires removing all the supports and isolating or freeing the particle from its

§ surroundings and then showing all the forces that act on it.

g Equilibrium means the particle is at rest or moving at constant velocity. In two dimensions, the

“ necessary and sufficient conditions for equilibrium require YFx = 0 and YFy = 0.
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y & Procedure for Analysis
g Coplanar force equilibrium problems for a particle can be solved using the following procedure.

g Free-Body Diagram.
E « Establish the x, y axes in any suitable orientation.
% « Label all the known and unknown force magnitudes and directions on the diagram.
g * The sense of a force having an unknown magnitude can be assumed.
% Equations of Equilibrium.
‘5Tf * Apply the equations of equilibrium,> Fx = 0 and > Fy = 0. For convenience, arrows can be
ﬂf ¥ written alongside each equation to define the positive directions.
%f « Components are positive if they are directed along a positive axis, and negative if they are
ﬂf d|rected along a negative axis.
« If more than two unknowns exist and the problem involves a spring, apply F = ks to relate the
sprlng force to the deformation s of the spring.
« Since the magnitude of a force is always a positive quantity, then if the solution for a force
ylelds a negative result, this indicates that its sense is the reverse of that shown on the free- body

¢ diagram
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¥ Example

)

etermine the tension in cables BA and BC necessary to support the 60-kg cylinder in Fig. 3—

o
o

J6-3 JSal 3 LS &S 60 L s 4 shul ae 2l 4 0 BC 5 BA Juall 8 405 5 gill: ayaai €

(a)

Solutlon

Free Body Diagram. Due to equilibrium, the weight of the cylinder causes the tension in cable
BD to be Tgp = 60(9.81) N, Fig. 3—6b. The forces in cables BA and BC can be determined by
mvestlgatmg the equilibrium of ring B. Its free-body diagram is shown in Fig. 3-6c¢. The

¥ magnitudes of Ta and T¢ are unknown, but their directions are known.

Equatlons of Equilibrium. Applying the equations of equilibrium along the x and y axes, we
ha
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+YFx=0; Tccos45%- (4/5)Ta=0
+>Fy=0; TC sin 45° + (3/5) Ta-60(9.81) N=0 (2)
Equation (1) can be written as Ta = 0.8839Tc. Substituting this into Eq. (2) yields
jsle daand ¢(2) Aalaall 8 Mgy (i 52l 5 Tp=0.8839T AUl sl e (1) Aalaall LIS 30le ) ¢Sy

—~
[N
~

Tc sin 45° + (3/5)(0.8839T¢) - 60(9.81) N=0
! so that Tc =475.66 N = 476 N Ans.
| Substituting this result into either Eq. (1) or Eq. (2), we get  Ta =420 N Ans.
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NOTE: The accuracy of these results, of course, depends on the accuracy of the data, i.e.,

EpEp e

! measurements of geometry and loads. For most engineering work involving a problem such as

EL Y

» this, the data as measured to three significant figures would be sufficient.
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