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oment of a Couple

> =

couple is defined as two parallel forces that have the same magnitude, but opposite

¢ directions, and are separated by a perpendicular distance d, Fig. 4-25. Since the resultant force
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ﬂf ! js zero, the only effect of a couple is to produce an actual rotation, or if no movement is

=3

ﬁ}f possible, there is a tendency of rotation in a specified direction. For example, imagine that you
g are driving a car with both hands on the steering wheel and you are making a turn. One hand
§ will push up on the wheel while the other hand pulls down, which causes the steering wheel to

4
4 rotate.
(Moment of a Couple)z.s 3 Js
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Fig. 4-25

¢ The moment produced by a couple is called a couple moment. We can determine its value by
flnding the sum of the moments of both couple forces about any arbitrary point. For example, in
Flg. 4-26, position vectors ra and rg are directed from point O to points A and B lying on the

¢ line of action of -F and F. The couple moment determined about O is therefore
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g However Fg=TFa+TOrr=Trg- I, SO that

M=rXF (4-13)

his result indicates that a couple moment is a free vector, i.e., it can act at any point since M

o

epends only upon the position vector r directed between the forces and not the position vectors
rA and rg, directed from the arbitrary point O to the forces. This concept is unlike the moment of

i a force, which requires a definite point (or axis) about which moments are determined.
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Scalar Formulation. The moment of a couple, M, Fig. 4-27, is defined as having a magnitude of 4
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M=Fd (4-14)
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) ‘I where F is the magnitude of one of the forces and d is the perpendicular distance or moment

4 arm between the forces. The direction and sense of the couple moment are determined by the

4
4 right-hand rule, where the thumb indicates this direction when the fingers are curled with the

Seste

4 sense of rotation caused by the couple forces. In all cases, M will act perpendicular to the plane
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Vector Formulation. The moment of a couple can also be expressed by the vector cross product

7 using Eq. 4-13, i.e.,
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M=rXF (4-15)
Application of this equation is easily remembered if one thinks of taking the moments of both
¢ forces about a point lying on the line of action of one of the forces. For example, if moments are 4
taken about point A in Fig. 4-26, the moment of -F is zero about this point, and the moment of
F is defined from Eq. 4-15. Therefore, in the formulation r is crossed with the force F to which

! it is directed.
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! Equivalent Couples. If two couples produce a moment with the same magnitude and direction, g
o

then these two couples are equivalent. For example, the two couples shown in Fig. 4-28 are &
A

¢ equivalent because each couple moment has a magnitude of g
W
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M =30N(0.4m)=40N0.3m)=12N.m,

and each is directed into the plane of the page. Notice that larger forces are required in the

I second case to create the same turning effect because the hands are placed closer together. Also,
|f the wheel was connected to the shaft at a point other than at its center, then the wheel would

i still turn when each couple is applied since the 12 N . m couple is a free vector.
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Resultant Couple Moment. Since couple moments are vectors, their resultant can be determined
by vector addition. For example, consider the couple moments M; and M, acting on the pipe in
Fig. 4-29a.
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Since each couple moment is a free vector, we can join their tails at any arbitrary point and find
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! the resultant couple moment, Mg = M; + M; as shown in Fig. 4-29b.
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7 If more than two couple moments act on the body, we may generalize this concept and write the

» vector resultant as
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e A
y «» These concepts are illustrated numerically in the examples that follow. In general, problems

453 projected in two dimensions should be solved using a scalar analysis since the moment arms
o

4 and force components are easy to determine.
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ﬂf Important Points

g A couple moment is produced by two noncollinear forces that are equal in magnitude but
g opposite in direction. Its effect is to produce pure rotation, or tendency for rotation in a

% specified direction.

% A couple moment is a free vector, and as a result it causes the same rotational effect on a body
% regardless of where the couple moment is applied to the body.

% The moment of the two couple forces can be determined about any point. For convenience,

g this point is often chosen on the line of action of one of the forces in order to eliminate the

% moment of this force about the point.

% In three dimensions the couple moment is often determined using the vector formulation, M =
@f r X F, where r is directed from any point on the line of action of one of the forces to any

@f point on the line of action of the other force F.

Ef A resultant couple moment is simply the vector sum of all the couple moments of the system.
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Example

Determlne the resultant couple moment of the three couples acting on the plate in Fig. 4-30.
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F,=2001b

F;=3001b
—d, = 4ft

F,=4501b Al ——=—

F> =4501b

F,=2001b]  F,=3001b

Fig. 4-30
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OLUTION

s shown the perpendicular distances between each pair of couple forces are

>
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d;=4ft,d,=31ft,and d; =5 ft.
Considering counterclockwise couple moments as positive, we have
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A R A A A A A
4= (200 Ib)(4 ft) + (450 Ib)(3 t) - (300 Ib)(5 ft) =-950 Ib . ft =950 Ib . ft b Ans,

¢ The negative sign indicates that MR has a clockwise rotational sense.
«:L..J\ &_\‘)\AC - Q\‘)JJ DLAJ\ ‘UMR J.AAAAJ\ e‘)ﬁj\ d\ Gj\ A_JL..J\ a‘)Lm\X\ ‘).L..m

i Example

! Determine the magnitude and direction of the couple moment acting on the gear in Fig. 4-31a.

8314 IS b Gl e Jigall 530 o e olaily ok a5l 4

600 sin 30° N
F=600N

600 cos 30° N
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300 )‘. 3001
F=600N F=600N 600sin30°N
(a) (b)
¥ SOLUTION
v The easiest solution requires resolving each force into its components as shown in Fig. 4-31b.
i The couple moment can be determined by summing the moments of these force components
! about any point, for example, the center O of the gear or point A. If we consider
counterclockW|se moments as positive, we have
OJJL’J‘:ijl\(’)‘: mmuimjb 3]_4J&d\‘;@4yﬁu$k@4hsfé\aﬁgﬁ@xl@—“y\M‘J@g
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F=600N
(c)

Ep 2 2 2 B 2 S Y 2 B B B B B B B B B Bl B B S B S Ble S B S B e £

°C+ M =_MO; M = (600 cos 30° N)(0.2 m) - (600 sin 30° N)(0.2 m) =43.9 N . md Ans.

¥or

| .

§C+ M=_MA; M = (600 cos 30° N)(0.2 m) - (600 sin 30° N)(0.2 m) =43.9 N . md Ans.

g This positive result indicates that M has a counterclockwise rotational sense, so it is directed

E outward, perpendicular to the page.
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NOTE: The same result can also be obtained using M = Fd, where d is the perpendicular
dlstance between the lines of action of the couple forces, Fig. 4-31c. However, the computation
i for d is more involved.

Realize that the couple moment is a free vector and can act at any point on the gear and produce

the same turning effect about point O.
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ﬁThe moment of the two couple forces can be found about any point. If point O is considered,

ﬂ;f Fig. 4-32b, we have

Qo s <9324 IS0 ¢ QAL o ydie ) 13 Ak (5 Jsm (Couple fOrces) cuis 5230 (i h a e o) (S ¥

g

Ep S 2SN B By By B B e B B Ev £y ﬁ%ﬁ%ﬁ%ﬁ%ﬁ%ﬁ%ﬁﬁﬁ%ﬁﬁ'ﬁ'ﬁ'ﬂ'ﬁ'%%ﬁ%ﬁ%ﬁ%ﬁ%ﬁ%ﬁ%ﬁ%ﬁ%ﬁﬁﬁ Ep 22 S B s B S B e B B £

1 M =r1a X (-25K) + rB X (25K) = (8]) X (-25K) + (6 cos 30°i + 8j - 6 sin 30°k) X (25k) = -200i -
129 9j + 200i = {-130j} Ib . in. Ans.
! It is easier to take moments of the couple forces about a point lying on the line of action of one

7 of the forces, e.g., point A, Fig. 4-32c. In this case the moment of the force at A is zero, so that

EC_3274J&H\cAM\J&A‘Q}SJEJ\&&;\):GBLAQL@Mdpcjdﬂ\eﬂ\ﬁﬁejjs'A';iJ@_...«iy\L'}A
ML 5 ¢ aall  sluse A die 58l o e 0S5 Allal) o3

o 2 2 2 2o 2 2 2 2 2 B B 2 B 2 2 B B 2 B B B e B e B £

) I M = rag X (25k) = (6 cos 30°i - 6 sin 30°k) X (25k) = {-130j} Ib . in. Ans.
g SOLUTION Il (SCALAR ANALY SIS)

g Although this problem is shown in three dimensions, the geometry is simple enough to use the
% scalar equation M = Fd. The perpendicular distance between the lines of action of the couple

=y

e

4 forces is

303 san) ALl M=, Al Aalaal) slasind 6 Lo Aoy duaigh) o8 a1 50 Al o e a2 )l e
& sl sl g il das

d =6 cos 30°=5.196 in.,

Fig. 4-32d. Hence, taking moments of the forces about either point A or point B yields

=Fd=251b(5.196in.) =129.9 Ib .
Applying the right-hand rule, M acts in the -j direction. Thus,
oladl 8l olad) (0 5S) Jiadl ) 3acld REECHEPY
M = {-130j} Ib.
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y & System of Forces and Couple Moments. Using the above method, a system of several forces

% and couple moments acting on a body can be reduced to an equivalent single resultant force

E acting at a point O and a resultant couple moment. For example, in Fig. 4-36a, O is not on the
Ilne of action of F1, and so this force can be moved to point O provided a couple moment (Mo)l
r; X F is added to the body.

Ep 2 2 S B s B S B S B B Ep

G psa e Si5ida s jasie 5558 (e alai A Sy Aailud) 45y Hhall aladiuly Aaga e ag e g dﬁe&“ﬁf
hé&ow‘&Y‘a36—4M‘é‘JM\J@& JM?jﬁfeﬁjommﬁyoh\}m"
?“"Aj‘gsj\(MO)l |’1XF1‘>‘)\J£.A7}J‘)A€)Q@u\k)wow\dj\ajﬂ\o&J&dSmJﬂcFlajsM ‘).u\_a

S
vy
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Similarly, the couple moment (Mo). = > X F, should be added to the body when we move F;

Ep 2y 2 2 2 B 2 B 2y B B B B B B e B e

ﬂr Tto point O. Finally, since the couple moment M is a free vector, it can just be moved to point O.
ﬂf By doing this, we obtain the equivalent system shown in Fig. 4-36b, which produces the same
g external effects (support reactions) on the body as that of the force and couple system shown in
E Fig. 4-36a. If we sum the forces and couple moments, we obtain the resultant force Fr = F; +

4
4 F, and the resultant couple moment

AM s al woall o Ly sals O, Akl JIF, 5580 Jis m(|\/|o)2—r2><|:2 z 5o el o el Adla) ang ‘J-‘-‘ﬂ-‘ﬁ
el (hany 52l 0364 JSIN (A e sall (Sl QUi o Joani ellyy O,k ) 5 il 48 (Say ‘»wg
Jomni g3 3ol 5 (558l an ie g, 364 IS b Lea¥) olail) Jia (wbosal) e Jlad¥) 353 5) Al 3l &
Aliasall 3 6l ;ujcﬁs

O:idaiill Jga Jeanall o 3all a5 5

(MRr)o =M + (Mo):1 + (Mo)2, Fig. 4-36c.
@f Notice that Fr is independent of the location of point O since it is simply a summation of the

4;3 ¥ forces. However, (Mg)o depends upon this location since the moments M; and M, are
b
% determined using the position vectors r; and r,, which extend from O to each force. Also note

A + that (MRr)o is a free vector and can act at any point on the body, although point O is generally

Ep 2 S B B S By 2 B e B BV BV E B B B B BV B 2 2 B B £

@j chosen as its point of application.
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e A
y We can generalize the above method of reducing a force and couple system to an equivalent

4
ﬁr
i
resultant force Fr acting at point O and a resultant couple moment (Mg)o by using the following -
4

“ two equations. %
¥
win(MR)O(M_R)_O(MR)O (Kl . sill & sane 3 jme 4Y O dkaiill 28 50 e adiny YFRF_RFR hyﬁr
r2r 2r2 srlr 1rl ga sall Cilgadia pladiuly wmzm_zmz SMIM_IMIL asadl (Y a8 sall 134 ‘;sg
SHUS YO e ssied)

etety

sl O ddadill (o ae  cameal) e ddadi gl vie Jim of (Sars s 4aie #(MR)O(M_R)_O(MR)O of L& ¥
Ak A0S e

EpEy

ey

J.@;.q(:‘)cjow\ J.\.CFRF_RFR Mbﬁé\eﬁ}oﬁeuwwu\w#\wd&ﬁ
1o Gl 2a31.L(MR)O(M_R)_O(MR)O 4

=

FrR=>F

(MR)o=>YMop +>M (4-17)
! The first equation states that the resultant force of the system is equivalent to the sum of all the
forces; and the second equation states that the resultant couple moment of the system is

¢ equivalent to the sum of all the couple moments > M plus the moments of all the forces > Mo

! about point O. If the force system lies in the x—y plane and any couple moments are
perpendlcular to this plane, then the above equations reduce to the following three scalar
i equations.

eﬂ\d\énMM\UJM\L}MMc&ﬂ\@AEWdJQeMw\a}d\u\g_;cé}‘}ﬂ‘ddw\ \a_uzl;j

)
o

Js2YMOsum M _OYMO il aen o5 e A BLDYUTM\sum MYM as0all ¢ sana 5 s Joanall ¥
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‘“Equilibrium of a Rigid Body

Important Points

No equilibrium problem should be solved without first drawing the free-body diagram, so as
to account for all the forces and couple moments that act on the body.

If a support prevents translation of a body in a particular direction, then the support, when it is

i removed, exerts a force on the body in that direction.

Ep Yy 2 S RSN B S B S B e

If rotation is prevented, then the support, when it is removed, exerts a couple moment on the
ﬁif body.

g Study Table 5-1.

o=

Internal forces are never shown on the free-body diagram since they occur in equal but
opp05|te collinear pairs and therefore cancel out.
The weight of a body is an external force, and its effect is represented by a single resultant
force acting through the body’s center of gravity G.
Couple moments can be placed anywhere on the free-body diagram since they are free vectors.

! Forces can act at any point along their lines of action since they are sliding vectors.
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TABLE 5-1 Supports for Rigid Bodies Subjected to Two-Dimensional Force Systems
A 3 (g 68 dadal daalal) Adiall slea S (ailuall) clele all 115 Jaall

Types of Connection Reaction Number of
Ol sl & s, JdY) 20 Unknowns

Jualaall 2ae

1l () One unknown.

The reaction is a
tension force
which acts away
from the member
in the direction of
the cable.

o 3oke dadll 3

DL;;"\L;A}.;.,J\Q;
Ju)

cable

2.1 (2) One unknown.

. . The reaction is a
force which acts
along the axis of
the link.

o 3oke dadll 3

sk e Jasiz b
Alasll s

3. (3) _. ,f’f/ One unknown.
/

weightless link

The reaction is a
force which acts
perpendicular to
the surface at the
point of contact.
o 3oke dadll 3

roller L gae Janis g8

wall)

2
e}
o
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rocker

One unknown.
The reaction is a
force which acts
perpendicular to
the surface at the
point of contact.
o 3oke Jadll 3

eall)

smooth contacting
surface

One unknown.
The reaction is a
force which acts
perpendicular to
the surface at the
point of contact.
O 3oke dadll )

L gee Jani3 8

roller or pin in
confined smooth slot

One unknown.
The reaction is a
force which acts
perpendicular to
the slot.
os 3ok dadll 2
Lo sae Jaris 8
G e

member pin connected
to collar on smooth rod

One unknown.
The reaction is a
force which acts
perpendicular to
the rod.
o 3oke Jadll 3
03 gae Janii 5 8
il e

2
e}
o
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! Two unknowns. | ¥
y The reactions are |4/
! two components |
4 of force, orthe |4
j&? magnitude and g
4 direction of the |4
% resultant %
2 smooth pin or hinge force. Note that | #
% and are not %
& necessarily equal |z
g [usually not, g
Y unless the rod )
g shown is a link as |4
§ in @) ¥
g A Jzall 053 g
g )\ABA ji clé)g \_uSJA g
¥ 5 il slal s |
! ; 4
i Ll Syl | &
4 &H%MP»)AHE
él;f =)
g Q@SYQ&]E
§ RNNPEIY )
¥ L
1 24 LS Alas |4
% Q. 9) //:;- Two unknowns. ﬁ
% A V4 The reactions are g
i ) the couple 4
g ( moment and the |
% —y force which acts %
“ F M perpendicular to |
1 the rod. 1
; . e al| 5
g member fixed connected pde ot Jadll 250 %
g to collar on smooth rod 8 sl g 7150 ) %
A . LY
g Qcmyﬂdudg
A il | 4f
A A
! q
A i
¥ #
¢ 18
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o

e e e
F Three unknowns.
¢

' The reactions are
F the couple
(‘ — or Q | moment and the
M

ﬁ

two force
components, or
the couple
moment and the
magnitude and
direction of the
resultant force.

poe (oA Jzill aga )

|

fixed support

US a9z 50)

aie Sl <5 g8l
Dldas ) 53 5Y)
ianall 5 gall olail g

G.omall J8 S pe IMS Sigisaal 5 Aliana b gy o ils Jichs o JI8 858 anall () ) g0

@l g o (Sad g Al Ll 3oa Clgaia LY all anall Lhias e e gl (B 2530 o550 s (Sae
8 3 clgate L Lelao Jasht ok o 4k 4

i Procedure for Analysis
To construct a free-body diagram for a rigid body or any group of bodies considered as a smgle

system the following steps should be performed:
Jalail) ¢ );\
“\_ﬂu\u\#\muu;qeh\je&ﬁ)mem\ﬁ\w‘u:w&yj\hﬂ.@@)ﬂ\@\k@ Jj

Draw Outlined Shape.
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y Imaglne the body to be isolated or cut “free” from its constraints and connections and draw

ﬂf (sketch) its outlined shape. Be sure to remove all the supports from the body.

JIAJ\ dS.u.M e.u.u

&Lw\@m‘ﬂ\)\dﬁﬁb @)\;J\dim(vm&)&)\j‘m‘ﬁ@\}m}aw ));.A j‘J‘j‘)MeuAj‘

e S L B

E

ety ysy e s e s ety Sy ey e st ety

Identlfy all the known and unknown external forces and couple moments that act on the body.

o 2 2 2 B B B B 2 B B Bl 2 B S 2l SN 23

i Those generally encountered are due to (1) applied loadings, (2) reactions occurring at the

o 2 =)

g supports or at points of contact with other bodies (see Table 5-1), and (3) the weight of the
y body To account for all these effects, it may help to trace over the boundary, carefully noting

each force or couple moment acting on it.

s asie s s sl a2 Seh
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4 The forces and couple moments that are known should be labeled with their proper magnitudes
% and directions. Letters are used to represent the magnitudes and direction angles of forces and
g couple moments that are unknown. Establish an x, y coordinate system so that these unknowns,
@j Ax, Ay, etc., can be identified. Finally, indicate the dimensions of the body necessary for

@f calculating the moments of forces.
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example
i Draw the free-body diagram of the uniform beam shown in Fig. 5-7a. The beam has a mass of
100 kg.

&S 100 (5 st T Jlall A1iSa, 75 JSEN b Aincia sall Aalitiall G Jlall jal) aveall Liladia aus
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ﬁ ¥SOLUTION
% The free-body diagram of the beam is shown in Fig. 5-7b. Since the support at A is fixed, the
‘" wall exerts three reactions on the beam, denoted as Ax, Ay, and MA. The magnitudes of these

Ep =)

. reactions are unknown, and their sense has been assumed. The weight of the beam, W =

s

4 100(9.81) N =981 N, acts through the beam’s center of gravity G, which is 3 m from A since

~+
=0
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absill e a3 amy (A ¢ GRaalall J8 S e A e 50 138 55 W=100(9.81) N=981 N & jlall ;)5 %
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% Draw the free-body diagram of the foot lever shown in Fig. 5-8a.

% The operator applies a vertical force to the pedal so that the spring is stretched 1.5 in. and the
p

4 force on the link at B is 20 Ib.

gﬂff O O e O O G A ﬁfg
g g
A A
4 Y 1200 N 4
‘Ef = 2m - ﬁ
4 ‘ = A " Effect of applied !
jﬁf _,___—:—j force acting on beam g
ﬁ? ] Z= /»X ‘_‘4\_- G ﬁzr
g Effect of fixed ‘A g
- TR ;
X 981N ) !
! i . i
& Effect of gravity (weight) &
¥ acting on beam &
4 b i
élff I' lg. 3—7 éli
4 4
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(c)

¥ SOLUTION
By inspection of the photo the lever is loosely bolted to the frame at A and so this bolt acts as a
7 pin. (See (8) in Table 5-1.)

Jazy Jlassall 138 ()l Gl g ¢ Adkaiil) wie HUaYL aSa e (S Cadie g3 f Jaadls ‘UM\UMJJAQA
). 1-5 Jsaall A (8) Al ksl (Pin). (JeateS 4

Although not shown here the link at B is pinned at both ends and so it is like (2) in Table 5-1.

¢ After making the proper measurements, the idealized model of the lever is shown in Fig. 5-8b.

From this, the free-body diagram is shown in Fig. 5-8c. Since the pin at A is removed, it exerts

force components Ax and Ay on the lever. The link exerts a force of 20 Ib, acting in the

¢ direction of the link. In addition the spring also exerts a horizontal force on the lever. If the

stlffness is measured and found to be
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4

g

k =20 Ib.in., then since the stretchs =1.5in., Fs=ks =20 Ib>in. (1.5in.) =30 Ib. %
/lir

i

/ﬁr
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Fmally, the operator’s shoe applies a vertical force of F on the pedal. The dimensions of the

Iever are also shown on the free-body diagram, since this information will be useful when

¢ calculating the moments of the forces. As usual, the senses of the unknown forces at A have

S O

een assumed. The correct senses will become apparent after solving the equilibrium equations.
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