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The adjoint of a matrix: 

The transpose matrix of the cofactors of 𝐴 is called the adioint matrix of 𝐴 and written as 

𝑎𝑑𝑗(𝐴) = (𝐴𝑖𝑗)
𝑡 

The Inverse of a matrix: 

If 𝐴 is 𝑛 × 𝑛 matrix, then 𝐴 has inverse if there exists 𝑛 × 𝑛 matrix 𝐴−1  such that         

𝐴−1𝐴 = 𝐴𝐴−1 = I, where I is identity matrix. 

Definition:  

If |𝐴| ≠ 0 then 𝐴−1 =
1

|𝐴|
𝑎𝑑𝑗(𝐴) 

Example: 

Find 𝐴−1 if: 

(1) 𝐴 = (
3 −1
2 1

) 

𝐴−1 =
1

|𝐴|
𝑎𝑑𝑗(𝐴) 

|𝐴| = |
3 −1
2 1

| = 3 − (−2) = 5 ≠ 0 

𝑎𝑑𝑗(𝐴) = (
+1 −2

−(−1) +3
)
𝑡

= (
1 1
−2 3

) 

∴  𝐴−1 =
1

5
(
1 1
−2 3

) = (

1

5

1

5

−
2

5

3

5

) 

(2) 𝐴 = (
2 −3 4
1 0 −1
1 1 −2

) 

𝐴−1 =
1

|𝐴|
𝑎𝑑𝑗(𝐴) 

|𝐴| = |
2 −3 4
1 0 −1
1 1 −2

| = 2(0 + 1) + 3(−2 + 1) + 4(1 − 0) = 2 − 3 + 4 = 3 ≠ 0 

𝑎𝑑𝑗(𝐴) =

(

  
 
−

+ |
0 −1
1 −2

| − |
1 −1
1 −2

| + |
1 0
1 1

|

|
−3 4
1 −2

| + |
2 4
1 −2

| − |
2 −3
1 1

|

+ |
−3 4
0 −1

| − |
2 4
1 −1

| + |
2 −3
1 0

|)

  
 

𝑡

 

= (

+(0 + 1) −(−2 + 1) +(1 − 0)

−(6 − 4) +(−4 − 4) −(2 + 3)
+(3 − 0) −(−2 − 4) +(0 + 3)

)

𝑡

= (
1 1 1
−2 −8 −5
3 6 3

)

𝑡

= (
1 −2 3
1 −8 6
1 −5 3

) 
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∴  𝐴−1 =
1

3
(
1 −2 3
1 −8 6
1 −5 3

) =

(

 
 
 

1

3
−
2

3
1

1

3
−
8

3
2

1

3
−
5

3
1)

 
 
 

 

The properties of the adjoint and the inverse: 

Let 𝐴 and 𝐵 are square matrices then: 

(1) 𝐴 (𝑎𝑑𝑗𝐴) = |𝐴|I. 

Let     𝐴 = (
1 2
3 4

) ,     𝐼 = (
1 0
0 1

) ,   𝑎𝑑𝑗(𝐴) = (
4 −2
−3 1

) 

|𝐴| = |
1 2
3 4

| = 4 − 6 = −2 

𝐴 (𝑎𝑑𝑗𝐴) = (
1 2
3 4

) (
4 −2
−3 1

) = (
−2 0
0 −2

) 

|𝐴|I = −2 (
1 0
0 1

) = (
−2 0
0 −2

) 

∴ 𝐴(𝑎𝑑𝑗𝐴) = |𝐴|I. 

(2) 𝑎𝑑𝑗(𝐴𝐵) = 𝑎𝑑𝑗(𝐵)𝑎𝑑𝑗(𝐴). 

Let     𝐴 = (
1 2
3 4

) ,     𝐵 = (
5 −1
−4 −2

) 

𝐴𝐵 = (
1 2
3 4

) (
5 −1
−4 −2

) = (
−3 −5
−1 −11

) 

𝑎𝑑𝑗(𝐴𝐵) = (
−11 5
1 −3

) 

𝑎𝑑𝑗(𝐴) = (
4 −2
−3 1

) ,   𝑎𝑑𝑗(𝐵) = (
−2 1
4 5

)   

𝑎𝑑𝑗(𝐵)𝑎𝑑𝑗(𝐴) = (
−2 1
4 5

) (
4 −2
−3 1

) = (
−11 5
1 −3

)  

∴ 𝑎𝑑𝑗(𝐴𝐵) = 𝑎𝑑𝑗(𝐵)𝑎𝑑𝑗(𝐴) 

(3) (𝐴−1)−1 = 𝐴 

Let     𝐴 = (
1 2
3 4

),                𝐴−1 =
1

−2
(
4 −2
−3 1

) = (
−2 1
3

2
−
1

2

) 

 |𝐴−1| = |
−2 1

−
3

2
−
1

2

| = 1 −
3

2
= −

1

2
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(𝐴−1)−1 =
1

−(
1
2
)
(
−
1

2
−1

−
3

2
−2

) = −2(
−
1

2
−1

−
3

2
−2

) = (
1 2
3 4

) = 𝐴 

∴ (𝐴−1)−1 = 𝐴 

(4) (𝐴𝑛)−1 = (𝐴−1)𝑛, 𝑛 ≡ positive integer 

Let     𝐴 = (
1 2
3 4

) , 𝑛 = 2, |𝐴| = −2 

(𝐴2)−1 = (𝐴−1)2 

𝐴2 = 𝐴𝐴 = (
1 2
3 4

) (
1 2
3 4

) = (
7 10
15 22

) ,⇒ |𝐴2| = 4 

(𝐴2)−1 =
1

4
(
22 −10
−15 7

) 

𝐴−1 =
1

−2
(
4 −2
−3 1

) 

(𝐴−1)2 =
1

4
(
4 −2
−3 1

) (
4 −2
−3 1

) =
1

4
(
22 −10
−15 7

)  

∴ (𝐴𝑛)−1 = (𝐴−1)𝑛 

(5) (𝐴𝐵)−1 = 𝐵−1𝐴−1. 

Let     𝐴 = (
1 2
3 4

) ,     𝐵 = (
5 −1
−4 −2

) 

𝐴−1 = −
1

2
(
4 −2
−3 1

) , 𝐵−1 = −
1

14
(
−2 1
4 5

) 

𝐴𝐵 = (
1 2
3 4

) (
5 −1
−4 −2

) = (
−3 −5
−1 −11

) 

(𝐴𝐵)−1 =
1

28
(
−11 5
1 −3

) 

𝐵−1𝐴−1 = (−
1

14
[
−2 1
4 5

]) (−
1

2
[
4 −2
−3 1

]) =
1

28
(
−11 5
1 −3

) 

∴ (𝐴𝐵)−1 = 𝐵−1𝐴−1 

𝐴−1𝐵−1 = (−
1

2
[
4 −2
−3 1

]) (−
1

14
[
−2 1
4 5

]) =
1

28
(
−16 −6
10 2

) 

𝐴−1𝐵−1 ≠ (𝐴𝐵)−1 

(6) (𝐾𝐴)−1 = 𝐾−1𝐴−1 =
1

𝐾
𝐴−1. 

Let     𝐴 = (
1 2
3 4

) ,         𝐾 = 2 
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𝐾𝐴 = 2 (
1 2
3 4

) = (
2 4
6 8

) , |𝐾𝐴| = −8 

(𝐾𝐴)−1 = −
1

8
(
8 −4
−6 2

) = (
−1

1

2
3

4
−
1

4

) 

1

𝐾
𝐴−1 = (

1

2
) (−

1

2
[
4 −2
−3 1

]) = (−
1

4
) [
4 −2
−3 1

] = (
−1

1

2
3

4
−
1

4

) 

∴ (𝐾𝐴)−1 =
1

𝐾
𝐴−1 

(7) (𝐴𝑡)−1 = (𝐴−1)𝑡 

Let     𝐴 = (
1 2
3 4

),         𝐴𝑡 = (
1 3
2 4

),         𝐴−1 = −
1

2
(
4 −2
−3 1

) 

(𝐴𝑡)−1 = −
1

2
(
4 −3
−2 1

),     (𝐴−1)𝑡 = −
1

2
(
4 −3
−2 1

) 

∴ (𝐴𝑡)−1 = (𝐴−1)𝑡 

(8) |𝐴−1| =
1

|𝐴 |
 

Let     𝐴 = (
1 2
3 4

),      |𝐴 | = −2,        𝐴−1 = −
1

2
(
4 −2
−3 1

) 

|𝐴−1 | = |−
1

2
(
4 −2
−3 1

)| = |
−2 1
3

2
−
1

2

| = 1 −
3

2
= −

1

2
 

1

|𝐴 |
= −

1

2
 

∴ |𝐴−1| =
1

|𝐴 |
 

Example:  

Find the value of 𝑥 and 𝑦 if  𝐴−1 = (
−1 𝑥
0 𝑦

) ,    𝐴 = (
−1 2
0 4

) 

Solution: 

𝐴−1 =
1

|𝐴|
𝑎𝑑𝑗(𝐴) =

1

−4
(
4 −2
0 −1

) = (
−1

1

2

0
1

4

) = (
−1 𝑥
0 𝑦

) 

∴ 𝒙 =
1

2
, 𝑦 =

1

4
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Example: 

Let 𝐴 and 𝐵 are 3 × 3 matrices and |𝐴| = −4,   |𝐵| = 3. Find 

i. |𝐵𝑡| ii. |2𝐴| iii. |𝐴−1| iv. |𝐴𝐵| 

Solution: 

i. |𝐵𝑡| = |𝐵| = 3 

ii. |2𝐴| = 23|𝐴| = (8)(−4) = −32 

iii. |𝐴−1| =
1

|𝐴|
=

1

−4
= −

1

4
 

iv. |𝐴𝐵| = |𝐴||𝐵| = (−4)(3) = −12 

Example: 

If |
𝑎 𝑏 𝑐
𝑑 𝑒 𝑓
𝑔 ℎ 𝑖

| = 4, find  

i. |
𝑎 𝑑 𝑔
𝑏 𝑒 ℎ
𝑐 𝑓 𝑖

| ii.  |

𝑎 𝑏 𝑐
𝑔 ℎ 𝑖
𝑑 𝑒 𝑓

| iii. |

2𝑎 2𝑏 2𝑐
−𝑔 −ℎ −𝑖
3𝑑 3𝑒 3𝑓

| 

Solution: 

i. |
𝑎 𝑑 𝑔
𝑏 𝑒 ℎ
𝑐 𝑓 𝑖

| = |
𝑎 𝑏 𝑐
𝑑 𝑒 𝑓
𝑔 ℎ 𝑖

| = 4 

ii. |

𝑎 𝑏 𝑐
𝑔 ℎ 𝑖
𝑑 𝑒 𝑓

| = −4        ( 𝑅2 ⇌ 𝑅3) 

iii. |
2𝑎 2𝑏 2𝑐
−𝑔 −ℎ −𝑖

3𝑑 3𝑒 3𝑓
| = (2)(−1)(3) |

𝑎 𝑏 𝑐
𝑔 ℎ 𝑖

𝑑 𝑒 𝑓
| = (−6)(−4) = 24 
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Tutorial (3) 

(1) Find 𝐴−1 if : 

i. 𝐴 = (
5 3
−1 0

) 

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________ 

ii.𝐴 = (
−1 −2 3
2 1 1
4 −1 6

) 

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________ 

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________ 
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(2) Find the value of 𝑥 and 𝑦 if: 

𝐴−1 = (
−2 1
𝑥 𝑦

)  𝑎𝑛𝑑  𝐴 = (1 2
3 4

) 

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________ 

(3) If 𝐴−1 = (0 −3
3 1

) find 𝐴. 

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________ 
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(4) If 𝐴 = (
−2 −1
3 −1

) find 𝐴−2. 

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________ 

(5) If 𝐴 = (
1 −6
−1 2

) and 𝐵 is 2 × 2 matrix such that 𝐴𝐵 = 𝐼 find the matrix 𝐵 (use the 

inverse). 

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________ 

(6) If (3𝐴)−1 = (
3 4
5 6

) find 𝐴. 

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________
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______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________ 

(7) If (𝐴 − 2𝐼)−1 = (
2 1
−1 0

) find 𝐴. 

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________ 

SOLUTION OF NONHOMOGENOUS LINEAR EQUATIONS 

By the inverse of the matrix: 

If 𝐴 is an invertible 𝑛 × 𝑛 matrix and 𝐵 is 𝑛 × 1 matrix then the system of equations 𝐴𝑋 = 𝐵 

has one solution. 

𝑿 = 𝑨−𝟏𝑩 

Example: 

Find the solution of the following equations: 

𝑥 + 𝑦 + 𝑦 = 2 

2𝑥 + 𝑦 + 𝑧 = 1 

𝑥 − 𝑦 + 3𝑧 = 0 

Solution: 

𝐴 = (
1 1 1
2 1 1
1 −1 3

) ,     𝐵 = (
2
1
0
) ,     𝑋 = (

𝑥
𝑦
𝑧
) 

𝑋 = 𝐴−1𝐵     

|𝐴| = |
1 1 1
2 1 1
1 −1 3

| = (3 + 1) − (6 − 1) + (−2 − 1) = −4 ≠ 0   

𝑀11 = 4, 𝑀12 = 5, 𝑀13 = −3 

𝑀21 = 4, 𝑀22 = 2, 𝑀23 = −2  

𝑀31 = 0, 𝑀32 = −1, 𝑀33 = −1 
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𝑎𝑑𝑗(𝐴) = (

𝑀11 −𝑀12 𝑀13
−𝑀21 𝑀22 −𝑀23
𝑀31 −𝑀32 𝑀33

)

𝑡

= (
4 −5 −3
−4 2 2
0 1 −1

)

𝑡

= (
4 −4 0
−5 2 1
−3 2 −1

) 

𝐴−1 =
1

|𝐴|
𝑎𝑑𝑗(𝐴) = −

1

4
(
4 −4 0
−5 2 1
−3 2 −1

) 

(
𝑥
𝑦
𝑧
) =  −

1

4
(
4 −4 0
−5 2 1
−3 2 −1

) (
2
1
0
) = −

1

4
(

(8 − 4 + 0)

(−10 + 2 + 0)

(−6 + 2 + 0)
)    

(
𝑥
𝑦
𝑧
) = −

1

4
(
4
−8
−4
) = (

−1
2
1
) 

∴ (𝑥, 𝑦, 𝑧) = (−1, 2, 1) 

The Cramer’s Rule: 

If 𝐴 is an invertible 𝑛 × 𝑛 matrix and 𝐵 is 𝑛 × 1 matrix and 𝐴𝑗 is a matrix obtained 𝐴 by 

replacing the jth column of 𝐴 by 𝐵 then the system of equation 𝐴𝑋 = 𝐵 has one solution. 

𝑥𝑗 =
|𝐴𝑗|

|𝐴|
,   𝑗 = 1, 2, … . , 𝑛  , |𝐴| ≠ 0  

Example: 

Find the solution of the following equations: 

𝑥 + 𝑦 + 𝑦 = 2 

2𝑥 + 𝑦 + 𝑧 = 1      ⇒ 

𝑥 − 𝑦 + 3𝑧 = 0 

Solution: 

𝐴 = (
1 1 1
2 1 1
1 −1 3

) ,     𝐵 = (
2
1
0
),      𝑥𝑗 =

|𝐴𝑗|

|𝐴|
  

|𝐴| = |
1 1 1
2 1 1
1 −1 3

| = −4 ≠ 0  

|𝐴1| = |
2 1 1
1 1 1
0 −1 3

| = 2(3 + 1) − (3 − 0) + (−1 − 0) = 4   

|𝐴2| = |
1 2 1
2 1 1
1 0 3

| = (3 − 0) − 2(6 − 1) + (0 − 1) = −8   

|𝐴2| = |
1 1 2
2 1 1
1 −1 0

| = (0 + 1) − (0 − 1) + 2(−2 − 1) = −4   

𝑥1 + 𝑥2 + 𝑥3 = 2 

 2𝑥1 + 𝑥2 + 𝑥3 = 1 

𝑥1 − 𝑥2 + 3𝑥3 = 0 
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𝑥1 =
|𝐴1|

|𝐴|
=
4

−4
= −1 

𝑥2 =
|𝐴2|

|𝐴|
=
−8

−4
= 2 

𝑥3 =
|𝐴3|

|𝐴|
=
−4

−4
= 1 

Tutorial (4) 

Find the solution of the following equations by using: 

a) The inverse of a matrix. b) The Cramer s Rule 

i. x + y + z = 2 

𝑥 − 𝑦 − 𝑧 = 0 

2𝑥 + 𝑦 − 𝑧 = −1 

___________________________________________________________________________

________________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________ 
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______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________ 

ii. 𝑥 + 𝑦 − 𝑧 = 2 

3𝑥 − 2𝑦 = 17 

7𝑦 + 5𝑧 = 3. 

___________________________________________________________________________

________________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

___________________________________

___________________________________

___________________________________

____________________ 
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______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________ 

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________ 

 

iii. 3𝑥 + 𝑦 − 𝑧 = 2 

𝑥 + 4𝑦 + 𝑧 = 1 

𝑥 + 2𝑦 + 𝑧 = 3. 

____________________________________________________________________________

________________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

____________________________________

____________________________________

____________________________________

_________________ 
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______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________ 

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________ 

 

iv. 2𝑥 − 𝑦 + 𝑧 = 8 

4𝑥 + 3𝑦 + 𝑧 = 7 

6𝑥 + 2𝑦 + 2𝑧 = 15. 

____________________________________________________________________________

________________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

___________________________________

___________________________________

___________________________________

____________________ 
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______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________ 

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________

______________________________________________________________________ 


