The adjoint of a matrix:

The transpose matrix of the cofactors of A is called the adioint matrix of A and written as
adj(4) = (4;)"
The Inverse of a matrix:

If A is n X n matrix, then A has inverse if there exists n X n matrix A~! such that
A71A = AA™! =1, where I is identity matrix.
Definition:

If|A| # 0 then A~! = ﬁadj(A)

Example:

Find A1 if:

ma=0G 7

1 1
171 1 5 5
-1 _ —
A _5(—2 3) 23
5 5
2 -3 4
(2)A=<1 0 -1
1 1 =2
A1 L dj(A)
=—a
a1
2 -3 4
[Al=11 0 -1|=2(0+1)+3(-2+1)+4(1-0)=2-34+4=3+#0
1 1 =2
0 —1 1 -1 1 0]\¢
+|1 2l Tl o2 +|1 1
S| -3 4 2 4| _12 -3
adj(4) = |1 —2| T 2 |1 1|
—3 4 2 4 2 -3
+|0 —1| 1 -1 +|1 0|

=(-6-4 +-4-49 -2+3)| =(-2 -8 -5

+(0+1) —(-24+1 +1-0\" /1 1 1\* /1 -2 3
(22502
+(3-0) —(-2—-4) +(0+3) 3 6 3

1 -5 3
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1/1 -2 3
A1 =§ 1 -8 6|=
1 -5 3

The properties of the adjoint and the inverse:

W= W= W=
I

Let A and B are square matrices then:

(1) A (adjA) = |A|L

Let A=(§ Z), I=((1) (1)): adj(A)=(_43 _12)

=t Yes-om
aegn=( (% =7 2)

=2, 1)=(g" %)

~ A(adjA) = |A|L
(2) adj(AB) = adj(B)adj(A).

Let a=(% 2), B=(5 -

3 4 -4 =2
=3 DG H)=C 3
adj(aB) = (7} _53)
atji) = (" ) ai® = (77 ;)

adj(B)adj(A) = (_42 ;) (_43 _12) - (_111 —53)
- adj(AB) = adj(B)adj(A)
G H =4

oa=( 2 a=x(h P=(P )
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S(ATY =4
4) (A"~ = (471", n = positive integer
_ (1 2 _ _
Let A= (3 4),n =214 =

AH=t=@"?

pem= D6 D=4 = wis

(A2)1 = l( 22 —10)

4\-15 7
1 _
AT = —_2(—43 12)

1 - - 1 -
wy =34 DG D= )
(An)—l — (A—l)n
(5) (AB)~' = B~147L.

e a=( B, 5=(5, 7Y

3 4 4 =2
1 _ 1
A = _Z(_43 12)’ B = 14( 42 é)

=0 90, - )

Byt =o (71 5)

s = (-7 (5l ) -5t 5

~ (AB)™* = B~14™!
_ 1,16 —
- T DG
A"1B™1 % (AB)™!
6) (KA ' =K 'A1=24"1

%
Let A=(§ i) K=2
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3 4 6 8
Ll
(KA)™ = - (86 _24)= 3 21
4 2
.1
1 Ly 1 - ! P 5 2
el e NG [ S (P
4
a (KA =—4"1

(M @A = (A"

A=l w=(l Y arm (4 D)

1r4 -3 1r4 -3
t\-1 -1\t —
(A~ = 2(—2 1)’ (47 2(—2 1)
(At)—l — (A—l)t
1y _ 1
@147 = —
_(1 2 _ 1 _ 14 =2
Let A= (3 4): IA I = -2, A - 2 (_3 1 )
-2 1
1 — 3
'A*'=F5(i; fﬂ= 3 _l=1-5=-3
2 2
1 1
Al 2
1
|A—1|:_
|A]
Example:
Find the value of x and ifA‘1:<_1 x) Az(_1 2)
y 0o y) 0 4
Solution:
1 1
1 1,4 —2 ) -1 x
-1 _ ; —_— =
AT =@ —4(0 —1) , 1 (0 y)
4
1 1
=2 Y7h

Page 4 of 15



Example:

Let A and B are 3 X 3 matrices and |A| = —4, |B| = 3. Find

i.| BY| ii.| 24| iii.]A71 iv.|AB|
Solution:
i. |B|=1|B| =3
ii. [24] = 23]4| = (8)(—4) = -32
iii. [A7 | =~=—=—=
Al -4 4
iv.|AB| = |A||B] = (—4)(3) = —12
Example:
a b c
Ifld e f|=4,find
g h i
a d g b c 2a  2b 2c
i. [b e h . g h i iii. [—g —h —i
c f i e f 3d 3e 3f
Solution:
a d g a b c
i. |b e hl=|d e f[=4
c f i g h i
a b c
ii. |9 h if=-4 (R;=R3)
d e f
2a  2b 2c a b c
iii. |—g —h —i|l=0Q)(1@B)|g h i|=(-6)(—4) =24
3d 3e 3f d e f
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Tutorial (3)
(D) Find A7t if :

i A=(_51 3)

-1 -2 3
LA = ( 2 1 1)
4 -1 6
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(2) Find the value of x and y if:

Al = (—xZ 31}) and A = (é i)

0 -3

B)Ifa! = (3 )

) find A.
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@)IfA = (‘32 :1) find A2,
B)IfA = (_11 _26) and B is 2 X 2 matrix such that AB = [ find the matrix B (use the
inverse).

3 4

(6)If (34)~! = (5 ;

) find A.
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2 1

(NIf (A —20)"t = (_1 .

) find A.

SOLUTION OF NONHOMOGENOUS LINEAR EQUATIONS
By the inverse of the matrix:
If A is an invertible n X n matrix and B is n X 1 matrix then the system of equations AX = B

has one solution.

X=A4"'B
Example:
Find the solution of the following equations:
x+y+y=2
2x+y+z=1
x—y+3z=0
Solution:
1 1 1 2 X
A=<2 1 1), B=<1>, X=<)’>
1 -1 3 0 z
X=A"B
1 1 1
Al=12 1 1/=0CB+1)-6-1)+(-2-1)=—-4+0
1 -1 3

My, =4, M, =5, My3 = =3
M, =4, M, = 2, My = —2
M3, =0, Ms, = -1, M3 = -1
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My, —My; Mz 4 -5 =3\f 4 —4
adj(4) = <_M21 My, _M23> = (-4 2 2 ) = (-5 2
M,  —M;3, Mss 0 1 -1 -3 2
. 1[4 —4 0
A = pradj(4) = _Z<_5 2 1 )
-3 2 -1
x 1/4 —4 0\ /2 8—-4+0)
<y>= _Z<_5 2 1><1>=—— (—10 + 2+ 0)
z 3 2 -1/ \o (—6 +2 + 0)

The Cramer’s Rule:

If A is an invertible n X n matrix and B is n X 1 matrix and 4; is a matrix obtained A by

replacing the j column of A by B then the system of equation AX = B has one solution.

Xj

Example:

Al
=T =

1,2,...,n, |Al # 0

Find the solution of the following equations:

xX+y+y=2
2x+y+z=1 =
x—y+3z=0
Solution:
1
A:(z
1
2 1
|A1|: 1 1
0 -1 3
1 2 1
A, =12 1 1
1 0 3
1 1 2
A, |=12 1 1
1 -1 0

1Al =

1
1

x1+X2+x3=2
2xl+x2+X3=1
xl_x2+3X3=0

1 1 2 "
1 1), B=<1>, xj = —+
Al
-1 3 0
1 1 1
2 1 1|=-4=%#0
1 -1 3

=2B3+1)-B-0+(-1-0)=4

=B-0-2(6-1)+(0-1)=-8

=(0+1)—(0-1)+2(-2-1) = —4
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L L——
1T T
|A,] -8

—_— — T — 2
2= T
|As]  —4

—_— — T — 1
2T T 4

Tutorial (4)

Find the solution of the following equations by using:

a) The inverse of a matrix. b) The Cramer s Rule
Lx+y+z=2
x—y—z=0

2x+y—z=-1
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iix+y—z=2
3x —2y =17
7y + 5z = 3.
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ili.3x+y—z=2

x+4y+z=1
x+2y+z=3.
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iv2zx—y+z=8
dx+3y+z=7
6x + 2y + 2z = 15.
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