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The Limit of Functions

Definition:

Suppose that () is defined when is near the number then we write

limf(x) = L

and we say the limit of ( )as approaches equals

Rule: lim,.,k =k wherek isconst

Properties:

[.llim,5,k =k k: conest

2. lim,, kf(x) = klim,, f(x)

3. lim o (F(0) + g(x)) = limyq f(x) + lim,, g(x)

4.l (FX). g(0) = limyn, f(2). lim,o, g(x)
) flx) lim,_ ,f(x)

Adim,,(—) = —/—F——

MM (0 ) = fmeas

6. lim,(f(x))" = (limf(x))"

7.lim,_,, (Inf(x)) = In(lim,_,,(f(x))

One Sided Limits

If ( )approaches as approaches through valueslessthan ( < )

then we say that is a limit of ( ) from the left and written
limf(x) =L

If ( )approaches L as approaches through values greater than ( > )
then we say that L is a limit of () from the right and written

lim+f(x) =L
( )= ifandonlyif limf(x)=1L
Rule : we say that the limite fund if Li_}rq fH{x)= ]i}m+ f(x)
Example (1):
Find:
(1) lin&xz +4x—5 (2) lin}\f2x +4 (3) lin'} cosx + x?
x?
(4) lim In(x + 7) (5)  lim — (6 lim9



Solution
(1) limx?+4x—-5=0°+4(0)—5= -5

x—=0

(2)lin}\!2x+4=\{2+4:\/€
X—
(3) limcosx + x? =cos0 —0°=1—-0=1

x—=0

(4) lim In(x+7) =In(0+ 7) = In7

x?4+1 941

(5) lim =—=10
x¥—=3 x—2 3—2
(6) lin'}‘a =9
Example (2):
2x—1, x=1 _.
If f(sz{xg’ v <2 Find:
(1) liI'jI}f(X) 2) lin}f(x) (3) lin}f(x)
Solution

(1) linll+f(x) = lil’I]'{Zx— 1=2-1=1

(2) lin%f(x) = lil’I%Kz =12 =1

(3) li_r}I}f(x) =1 (li_}n&f(x) = li_r}r%f(x)) =1
Exercise — 3
1. Find the domain of definition of the following functions
(1) f(x) =x*—3x+9 (2) f(x) = cotx — tanx
(3) f(x) = V4 —2x? (4) f(x) = In(6 — 5x + x?)
5) F(x) = JI2x — 5 6) F(x) = =
2. Which of the following functions are even and which are odd?
() f(x) = x® + 1 (2) f(x) = xcotx (3) f(x) = x*secx
4) fx) = —— (5) fx)=x*—x+ (6) f(x)= sinhx

xz
Indeterminate Forms

. 0 oo 0
Indeterminate formsa V= OXo00,00—00,1
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theorems or mathematical operations, for example factoring, multiplying by the

conjugate, dividing numerator and denominator by the highest power of X.

Note:azoo,gzo, ;20, Z= oo, = any number

Example:
Rule: x2—a?=(x—a)(x+a), (x+a)?=x%+2ax+a?
(x+a)?=x?+a?, x*+a®=(x+a)x?F ax+a?),
x’+a’#(x—a)x+a)
Find
2_ 2 _ 3
(1) lim, 5 E Q) limyss = (3)  limess ——  (4) lim,s ii

2—x x—2 2_g9g

. x%—2x+1 . x
(5) lim llmx_d ﬁ (6) 111’1‘1}:_}2 ﬁ

Solution
) Z_a4 o0 : —2)(x+2 )
(1) lim,_ x_2 =<~ =lim,, Gr2)xrz) lim,_,,(x +2) =4
[
) x—2 0 ) —(2—x) )
(2) lim,_» .=, lim,_;, el lim,,, —1=-1
) x—4x+4 0 ) (x—2)(x4+2) )
(3)lim,- —, =, S lime,———= lim,_,,(x +2) =4
: x342 29
_— — = OO
(4) llmx—>3 xZ_9 0
Z_2x+1  © (x—1)(x—1) x—1 0
(5) limy, x2—1 0 lim., (x—1)(x+1) lim,, Lat1 2 0
) x%-a 0 i xZ—a Jx¥z242 . (=2 x+2Wx+2+2
limy,; ——= -=lim————=1im =
Yyx+2-2 0 r=24x+2-2yx+242 r—? x+2—4
= lin%(x +2)\x+2 =16
X
Exercise

Find:



3 — ~
x"—x+5 Vx+2-3 ) 4x—3

2) i lim =

TP x2-2x+6 (2) lim,7 (3) x—o0 5

(1) lim

x—=7

(x+1)%—4

(4) lim,; (5) lim,_q f—; 6lim,,Vx+1—x

Special limits:

T T T n

X —a X —ik n
Cauchy theorem: lim,..——= a®*!' andlim,., ——= —g™ ™
y xsa x3@ m_,m .
The limit of:
. sinx . X . tanx
lim,_q = 1 and lim,_q e 1 and lim,_, = 1
N 1
The number : g (1 =5 ;) = e, lim,_, (1+x)x=e,

x 1
limx—?m (1 + E) = Ea, limx_:,ﬂ (1 I {IX)I' = Ea;

Example: finf:

x*-27 x3—33

(Dlimyog == = lim, 3= = 3775 =8

: 327 _ 3_33 3 . 9
@) limys 50 = limes 55 = 73972 =2

: 1% _ . N
(3) lim, o (1 + ;) = lim,_q ((1 + ;) ) —

4

1
(3) lim,o (1 —4x)x = 7%,

5 132
(4) lim, o (1 + x)x = (hmm (1+ x)x ) — 5

2
2, . x sinx .
xT+sinx . - . . SInx

(5)lim,_q = lim, ¢ (x + . ): lim, o x + lim,_q — = 0+1=1

. sin3x 0 . sinx 3 ; sin3x

liITl sin3x 0 o llITl sinx x

x=0 sin2x 0 x=0 n2x x

lilTl sin3x v x o 3“111 5in3x v llim 2x 3 % 1 3

(7) x=0 x x 3x=0 3x 2 2x=0 5in2x 2 2



Exercise

Find the limites:

in2 sinx
(1) lim,,ox cotx (2) lim,ox secx (3) limxﬁﬂﬂz—zx (4) limx_mg

© timeee (143)7 7 0 timeen (52

Continuity
A function f(X) is called continuous at a point x = a if satisfies the following
conditions
(1) f(a) is defined (2) llim,_, f(x) exists (Illim,_,+ f(x) = llim,_; f(x))
(3) lim,._., f(x) = f(a)
Example (1):
(1) f(x) = :11 atx =1
Solution:
f)= % = o0 not defined

( ) discontinuous at =1

2—x, x<1 N
@f@ =f@={"," 12, at x=1
Solution:

f(1) =2 is define
lim,,2—x=2-1=1 , lim, .+ 2x = 2
lim,_ 7 f(x) # lim,,+ f(x) then ( )isdiscontinuousat =1

sinx <
(3) f(x) =f(x)={xx - X=<0 gt x=0
+1,x=0

Solution:

f(0) =1 1is define

sinx
lim =1 , limx+1=1
x=0 X x=0t

lim, 7 f(x) =lim,,,+ f(x) then ( )is continuousat =0
(4) Findthe value of suchthat ( )iscontinuousat =2



ﬂm=_ﬁm={“ﬁ XS24y oo

2x +k x =2
Solution:
f(2) =4k is define
linz_lk.x:z:ék , li12n+2x+k=4+k
4
4k =4 + k, 3k=4. k=§
Exercise:
xz—x—ﬁ
(1) f(x)Z{ x—3 , X #3 at x =3
5 ,x=3

2) f(x)=x*+2x-7 atx =3

xtanx, x <0 .
3) f(x)_f(x)_{1—x2, > At x=0
Derivative
The derivative of the function y = f(x) with respect to x is the rate of change
of ¥ with respect x , and written as z—i =£ ,¥\,f\( ) and defined by the formula:
dy . flx+A4Ax)—f(x)
— = lim
dx Ax—o0 Ax

This method is called the first principles.
The process of compute the derivative of a given function is called differentiation
Example:

Find the derivative of the following functions from the first principles (from the
definition)

(1) ¥ = f(x) = 5x + 2

Solution:

f(x) = 5x + 2

f(x + Ax) = 5(x + Ax) + 2

d ) Flx+Ax)—fF(x) ) 5{(x +Ax)+ 2—(5x + 2)
iZImM_}U - jx x:lmﬁx—kﬂ - xﬂx - =



Sx+5Ax+2-5x—2 SAx

limayo Ax - limaxﬁoﬂ = 5limp,501 =5
2 ¥y =f(kx)=k

Solution:

f(x) = k

f(x + Ax) = k

d . f(x+Ax)—f(x) : k—k :

B)y = f(x) = x

Solution:

f(x) = x

f(x + Ax) = (x +4)

d . Flactdo—f(x) _ . (x+Ax) - : a
ay _ | Mpy_o ul ; SER llmﬂ,‘x_}ﬂ.% — llm,-j,_);—>ﬂ§ —

limy, o1 =1

4y = f(x) = x7

Solution:
By using Cousy
dy _ . Flx+dx)—f(x) .. (x+Ax)” —x7
dx llm‘ﬂ"x_m Ax N llmﬂx_}ﬂ Ax N
- a0’ =7 g1 _ o6
lim oy ar o x e 7x = 7x
(5) ¥ = f(x) = sinx
Solution:
f(x) = sinx
f(x + Ax) = sin(x + A)
d i (x+Ax)—F( . in(x+Ax)—si
d_y _ llmﬁx_mf x ﬁ flx) _ llmﬁx_m sin(x ﬁx} sinx _
X X
| 2c (x+Ax+x) . {x+r1.-2x—xj y EEDS{Zx;ﬂx]Sm{ﬂ;]
1Mpx—p Ax = lMpxsp Ax -
. . (Ax) . (A
. (2x+Ax) ﬂléTESLHT ) sm%
limy,_o COS = cosx limp,_o—x=— = cosx(1) =

Ax =
2

COSX
Exercise:



MDy=Ff)=vx Q@ y=fx)=x*>-3x+4
3) y=rfx) =é (4) ¥y = f(x) = cosx
G)y=f)=Vx+3 (6) y=f(x)=e* (7) y=f(x)=logsx?

Rules of Differentiation

dy

. Y \

o Y )
(1)ﬂ= 0 , k = constant (2)% =1
(3) d(kﬂ =k =nx"1

5) d(kf{x}} kdﬂx} kf\(x)
dfﬂx}w(x}} _ dﬂx} dg(x)

) — —t——==f\(0)* g\(x)

d( £ (x).g(x)) dg(x) df ()
(N= =W+ 90~ —=f@.0\®) £ 9(f @)

a( L) .
®) g{xa) _90FPr@0%E 56 A\ -r ()9 \@)
(g(x))? (g(x))?

d{ﬂx}}” y -
©) = —=n(fx)" f\x)
Example:

Find — of the following functions
(Hy=f(x)=x*+9x—9
Solution:

y\=2x+9
Qy=r(x) = —4x)7
Solution:

y'=7(x? — 4x)%(2x — 4)



B)y = f(x) = x*(x*-8)
Solution:
y\ = x2(5x%) + 2x(x° - 8)

(4) y = x*sinx

Solution:
Y — g2 2 ;
Y'=X"CcoSx + 24X SInx
[ e o
5)y =
(5)y =2
Solution:
2 - 2 1
X (—sinx) — 2x cosx —x?sinx — 2x cosx
y p— p—
x* x4
5 ¢ sinx
= tanx =
( )y COsX
Solution:
cosx cosx + sinx sinx cos®x + sin®x 1
\ _ _ _ 2
y\= > = > = -~ = Secx
COS*Xx COS°X COS°X

y = cos(u) = y' = —u'sin(u)

y=sin(u) =  y'=u'cos(u)
y = tan(u) = y\ = u'sec?(u)

y = cot(u) =  y'\'= —u'‘csc?(u)
y = sec(u) = y\ = u'sec(u) tan(u)

y = csc(u) = y\ = —u'csc(u)cot(u)
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" Ina u
y = et = y'=u'(e¥)

y = q¥ =  y'= u'lna( a*)

Excersise :
Show that if:
y = tan(u)
y = cot(u)

y = sec(u)

y = csc(u)

y = e" =
y=a* =
Examples:

0

y\ = u'sec?(u)

y\ = —u'csc?(u)
y\ = u'sec(u) tan(u)

y\ = —u'csc(u)cot(u)

y'=u'(e*)

y\ = —u' na( a*)
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