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The Limit of a Functions

Definition:
Suppose that f(x) is defined when x is near the number a then
we write

lim f(x) = L
and we say the limit of f(x) as x approaches a equals L
Rule: lim,.,k = k where k is const
Properties:
NHim.,. ..,k = k
lim, ., kf(x) = klim,_., f(x)
M (FOO) + g(x)) = limag f(x) + lima,, g(x)

lim. . (F(x). g(x)) = lim., f(x). lim._. g(x)
fila ) lizn .o £{x)

() limy_ g g(x)

Jimaeq (FG))™ = (limf(x))”

7.1im, ., (Inf(x)) = In(lim,_,(f(x))

One Sided Limits

dima g (

O o s wN R

If f(x) approaches L as x approaches a through values less
than a (x < a)
then we say that L is a limit of f(x) from the left and written
limf(x) = L

If f(x) approaches L as x approaches a through values greater
than a (x > a)
then we say that L is a limit of f(x) from the right and written
xl_i}llhf(x) = L

f(x) =L if and only if }:i—lﬂf(x) = L

Rule : we say that the limite fund if limf(x) = lim, f(x)



Example (1):

Find:
(1) lir[“};!r:2 + 4x — 5 (2) limv2x + 4 (3) lim cosx + x =
2
(4) lim In(x + 7) (5) lim == (6) 1im9
x—0 a—3 x— 2 x—0
Solution
(1)lingx2+-i}x—5 = 0 + 4(0) — 5 = —5
2) linj*{v"Ex +4 =2 +4=+6
(3) lim cosx +x% =cos0 -0 =1—0=1
4) lin& In(x +7) = In(0+ 7) = In7
2
(5) limx +1 _ 94+ 1 — 10
xr—3 x—2 3—2
(6) lingg — 9
Example (2):
2x—1, x=1 _.
If f(x)={x2_ v « o Find:
(1) lit}}f(x) 2) lin]‘{f(x) (3) lin]‘{f(x)
Solution
(1) liI‘{l+f'(x) = lim2x—-—1-=2-1-=1
2) lin%f(x) — lin%x2 = 12 =1
3) linj'{f(x) = 1 (linf+f(x) = lin%f(x)) = 1

Exercise - 3
1. Find the domain of definition of the following functions

(D) flx) =x% — 3x+ 9 (2) f(x) = cotx — tanx
3) f(x) = V4 —2x°2 (4) f(x) = In(6 — 5x + x%)
(5) F(x) = I2zx — 5] (6) F(X) = o=

2. Which of the following functions are even and which are odd



Indeterminate Forms

. 0
Indeterminate forms — g L0 X0 ,00 — 00, 1%

theorems or mathematical operations, for example factoring,
multiplying by the

conjugate, dividing numerator and denominator by the highest
power of x.

Note:£=oo, 9=O , i=O, Z = ©, A =anynumber
0 A oo A

Example:
Rule:
x2—a’=(x—a)x+a), (x+a)?=x%+2ax + a?,

(x+a)?+x*+a?, x3*+a®*=(x+a)(x®?F ax+a?),

x?4+a’#= (x—a)lx+a)
Find
} xZ—4 . x—2 . xZ—4x+4
(1) llmx—rz 2 (2) llmx—}z E (3) llmx—rz 2 (4)
) x3+32
llmx_}Em
xZ—2x+1 x%—4

(5) lim lim,_,, (6) lim

x2—1 X722 x+2-2



Solution

(1)

2 - .
. w4 o . (x—2Wx+2) ]
lim,s, —=° = lim,,,—— =lim,; (x+2)=4
. x—2 o . —(2—=x) .
(2) lim5 P = lim,so — . = lim,.,—1 = —1
- . .
] xc—dx+4 0 . (x—2Wx+2) .
3)lim —— =-= = lim — = lim x+2)=4
( ) Kr—2 r—2 0 x—2 x—2 x—}z( )
2
x3+2 29
4) lim — = — = oo
( ) Xﬁ3x2_9 o
(5) _ |
lim xF—2x+1 0 lim (x—10(x—1) lim x=1 _0_
=1 2y 0 =1 e 1) (x+1) =l 2
i xZ—4a 0 ) xZ—4 Jx+z2+2 . {x—2Wx+2Wx+z+2
lim, ,» ———= —-= lim = lim =
Wvx+2—2 o ra2?2yx+2—2+x+242 7 x+2—4

= lin%(x +2hx +2 =16
xX—

EXxercise
Find:
l. xa‘—x+5 . \,-'m_:g
Wm0 5——  @lim,,, " (3)
. dx—3
limzse0 5_7x+1
2_
(4) lim,_, (il—}l * (B)limeno s (Blimene VX F1—x



Special limits:

Cauchy theorem: lim, ,.,——= a™ ' and
X—a
T Tt
lim, ., :—m Zm = %a“‘m
The limit of:
lim, .o— Y — 1 and limx_,nﬁ = 1 and limx_}.)m =1
The number e :
. 1\* i 2 _
llmx—}m (1 + ;) = €, llmx—}o (1 + x)x = €,
x =
lim,ee (1 +2) = e, lim,_, (1 + ax)x = e,
Example: finf:
) 2_27 } 3_32 _
(1) lim,. xxT = lim,_3 xx_a = 3371=28
—27 3_33 3. . 9
(2) hmxﬂxz = = hmxﬂ’“’z—zz = -3%7% =~
. 1)\ 3%
(3) lim, ., (1 + ;) = lim,_q ((1 + —) )
1
(3) lim,, ¢ (1 —4x)x = e 4,
5 1%
(4) lim,_o (1 + x)x = (limx_,.:, (1 + x)x ) = e°
x% +sinx . ﬁ + sinx . .
(Blimyo— = limyoo | % . = lim, o x + lim, .o
(6) (113 o [ 3 i3
- Sinax - Sinx - SIMax
llmx_}DT =g = llmgx_;QT X2 = 3 11m3x_}0? =3 x 1

sinx



Exercise

Find the limites:

sin®x

(1) limyox cotx (2) lim,ox secx  (3) limy.o—

(4) limeo™=  (5) lim,o (1 + 33}:_4
©) tim, (52)



