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Kinematics of a Particle
paidd) (LSilaiim) LSiilals

Rectilinear Kinematics: Erratic Motion

When a particle has erratic or changing motion then its position, velocity, and acceleration
cannot be described by a single continuous mathematical function along the entire path. Instead,
" a series of functions will be required to specify the motion at different intervals. For this reason,
|t IS convenient to represent the motion as a graph. If a graph of the motion that relates any two

of the variables s,v, a, t can be drawn, then this graph can be used to construct subsequent

EP L EY %%%%%%%%%%%%%%%%%%%%%%

graphs relating two other variables since the variables are related by the differential

relatlonshlps v = ds/dt, a = dv/dt, or a ds = v dv. Several situations occur frequently.
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. The s—t, v—t, and a—t Graphs. To construct the v-t graph given the s—t graph, Fig. 12—7a, the g
equatlon v = ds/dt should be used, since it relates the variables s and t to v. This equation states g
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e

e

(a—t).cm g Adaall g ¢ (V=) s e uall s ¢ (S—E)Cra s @ gall Al 2 guu ) 2, i

@f

e

e\qilu\ cs”% 4\7—12 Jdal « (S—t)dﬁ‘}]\j cﬁyaﬂ @L\.ﬂ\ f‘“)ﬂ ‘:J\ e (V—t) QA)'S\; :\.c;).uﬂ ‘_,,_'\Lul\ e.u:)l\ el ‘ff
u\ GJ:: Aolaall o328 Ul gV, ).ur..udht S u.\).\z_m]\ u.ujm).u L@_\Y v = ds/dt MJ\.&J\

o 0 £ £ £l B0 £ B0 £ £ 0 S0 £10 E\0 £ 210 B0 £ £ 10 £ 210 Bl £ £10 10 £ £10 £\ £ £10 210 £ £10 £l £10 10 210 £ £\ £ £ £ £

o
o
o
o
o
f

W Dr.moawia Ibrahim hamedelnil — moawiaibrahim73@gmail.com
N e S F AR A G O WA AN O F AR A AR A F NG A N O A A O F AN S A NG S F A A O A F AN S P A O A F AR A G A P A AT A A G T

£

1



mailto:moawiaibrahim73@gmail.com

il i A R A ke i e AL g

ds
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ds ds
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For example, by measuring the slope on the s—t graph when t = t;, the velocity is v;, which is
plotted in Fig. 12—7b. The v9t graph can be constructed by plotting this and other values at each
instant. The a—t graph can be constructed from the v-t graph in a similar manner, Fig. 12-8,
since
de pull OsSS et =ty el O5S Ledie (S—1) (e 5 a8 gell (SLall s HI (inia Jae el DI (e (U Jis e
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a
il = acceleration
v—t graph
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Examples of various measurements are shown in Fig. 12-8a and plotted in Fig. 12-8b.

EL e

g If the s—t curve for each interval of motion can be expressed by a mathematical function s = s(t),
g then the equation of the vt graph for the same interval can be obtained by differentiating this
%function with respect to time since v = ds/dt. Likewise, the equation of the a—t graph for the

% same interval can be determined by differentiating v = v(t) since a = dv/dt. Since differentiation
% reduces a polynomial of degree n to that of degree n — 1, then if the s—t graph is parabolic (a
% second-degree curve), the v-t graph will be a sloping line (a first-degree curve), and the a—t

g graph will be a constant or a horizontal line (a zero-degree curve).
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(a) (b)
If the a—t graph is given, Fig. 12-9a, the v-t graph may be constructed using a = dv/dt, written

as

h

(b)
Av = / adt
change in _ area under
velocity a—t graph

Hence, to construct the v-t graph, we begin with the particle’s initial velocity v, and then add to
this small increments of area (Av) determined from the a—t graph. In this manner successive
points, vi = Vo + Av, etc.,

for the vOt graph are determined, Fig. 12-9b. Notice that an algebraic addition of the area
increments of the a—t graph is necessary, since areas lying above the t axis correspond to an
increase in v (“positive” area), whereas those lying below the axis indicate a decrease in v

(“negative” area). Similarly, if the v-t graph is given, Fig. 12—-10a, it is possible to determine
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= the s-t graph using v = ds/dt, written as &

: ¢
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: A Coa v . s - , i
Vo) ae @855 1 sl ol Aadl gl Clalisd) 0 Cua (g 5 0 el (B-1) el s Aaall  Sld) o ) 7
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area under
v—t graph

£

displacement =

h
(b)
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In the same manner as stated above, we begin with the particle’s initial position s, and add

EL el e

‘gf (algebraically) to this small area increments As determined from the vot graph, Fig. 12-10b.
g If segments of the a—t graph can be described by a series of equations, then each of these

i . . : : - :
g equations can be integrated to yield equations describing the corresponding segments of the v-t
g graph. In a similar manner, the s—t graph can be obtained by integrating the equations which

g describe the segments of the v-t graph. As a result, if the a—t graph is linear (a first-degree
o
g curve), integration will yield a v-t graph that is parabolic (a second-degree curve) and an s—t

¥ graph that is cubic (third-degree curve).
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,L;f ¥ The v—s and a-s Graphs. If the a—s graph can be constructed, then points on the v-s graph can

g be determined by using v dv = a ds. Integrating this equation between the limits v =vpats =S

“andv=v;ats=s;, we have,
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area under
a—s graph

» Therefore, if the red area in Fig. 12-11a is determined, and the initial velocity vO at sp = 0 is

known, then 1 = (2/ads + 5)"% Fig 12-11b. Successive points on the v—s graph can
b

e constructed in this manner.
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¥ = If the v—s graph is known, the acceleration a at any position s can be determined using a ds = v &

£V

‘Qf dv written as
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velocity times
acceleration = slope of
v—s graph
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i Thus at any point (s, v) in Fig. 12-12a, the slope dv/ds of the v—s graph is measured. Then with

o £

g v and dv/ds known, the value of a can be calculated, Fig. 12—-12b.
% The v—s graph can also be constructed from the a—s graph, or vice versa, by approximating the

& : . . : :
+ known graph in various intervals with mathematical functions, v = f(s) or a = g(s), and then

PV

¥ using a ds = v dv to obtain the other graph.
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« Curvilinear motion occurs when a particle moves along a curved path. Since this path is often

o £

W

oL e

7 velocity, and acceleration.* In this section the general aspects of curvilinear motion are

o £

g discussed, and in subsequent sections we will consider three types of coordinate systems
g often used to analyze this motion.

i Position. Consider a particle located at a point on a space curve defined by the path function

A

gs(t), Fig. 12-16a. The position of the particle, measured from a fixed point O, will be
Y < designated by the position vector r = r(t). Notice that both the magnitude and direction of this

ﬁ:f :
4 vector will change as the particle moves along the curve.

N N A g A A A A e

i

£

General Curvilinear Motion

Gk e «Sall gl ¢ (a—5)adsall 5 Alaall Slull a5l (e (V=5) & sall s Aoyl Ll as ) gw@\usuusﬁf
A8l pladiul &5 ¢ v = f(s) or a = g(s)«Ansals d\jqe\mguhsﬁa\}s@e}xd\@;aﬂ%)m\
DAY Sl el e Jeasllg ds = v dv

dv
ds ™

Un

a = v(duv/ds)

[—s . — s —
(a) (b)

described in three dimensions, vector analysis will be used to formulate the particle’s position,
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Position

(a)

Dlsplacement Suppose that during a small time interval At the particle moves a distance As
along the curve to a new position, defined by r’ =r + Ar, Fig. 12-16b. The displacement Ar
Y represents the change in the particle’s position and is determined by vector subtraction; i.e.,

T Ar=r -r.

A siniall Jsh Ao AS ddlie apal) &l jay ¢ At 5 ysea duie ) 555 DA 4l = s (Displacement): u\ﬂ\
C).H\@:Ulaosm;;ij ‘M\cﬁy&ﬁﬂ\Ar u\)‘g\&db)_ 16—12 & r = r+Ar_am;_m.m;¢A}A
Ar-r-nﬁ{u@udcjﬂsﬂuw
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Displacement

(b)

Velomty During the time At, the average velocity of the particle is
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Ar
Vavg = E

 The instantaneous velocity is determined from this equation by letting A¢z— 0  and

consequently the direction of Ar approaches the tangent to the curve. Hence,

v = ﬂ!}r_lgo[i‘tl‘f'ﬁ‘hﬂ

Dt ey einiall Guladll GeAr ol ity i s cAZ—> 0 Jaag Alalaall 038 (e ddaalll de ] aaa3

v = Jﬂﬁb[ﬁjwklﬂ

.(12-7)

¢ Since dr will be tangent to the curve, the direction of v is also tangent to the curve, Fig. 12—16c.
The magnitude of v, which is called the speed, is obtained by realizing that the length of the

Ar— 0,

stralght line segment Ar in Fig. 12-16b approaches the arc length As as , We have
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¥ Thus, the speed can be obtained by differentiating the path function s with
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Acceleration. If the particle has a velocity v at time t and a velocity v- = v + Av at t + At, Fig.

12-16d, then the average acceleration of the particle during the time interval At is
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= Wwhere Av = Vv~ - v, To study this time rate of change, the two velocity vectors in Fig. 12—-16d are i
@f

Z ¥ plotted in Fig. 12—16e such that their tails are located at the fixed point O” and their arrowheads
i _ _ _ : :
gtouch points on a curve. This curve is called a hodograph, and when constructed, it describes

‘f?’f the locus of points for the arrowhead of the velocity vector in the same manner as the path s

i ¥ describes the locus of points for the arrowhead of the position vector, Fig. 12—16a.
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7 To obtain the instantaneous acceleration, let 27— 0in the above equation. In the limit _v will

approach the tangent to the hodograph, and so
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Substituting Eqg. 12—7 into this result, we can also write g
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dr
a=—

dt

By definition of the derivative, a acts tangent to the hodograph, Fig. 12-16f, and, in general it
“ is not tangent to the path of motion, Fig. 12—16g. To clarify this point, realize that Av and
consequently a must account for the change made in both the magnitude and direction of the
 velocity v as the particle moves from one point to the next along the path, Fig. 12-16d.
However, in order for the particle to follow any curved path, the directional change always
“swings” the velocity vector toward the “inside” or “concave side” of the path, and therefore a
 cannot remain tangent to the path. In summary, v is always tangent to the path and a is always

tangent to the hodograph.
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