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Engineering Mechanics: Dynamics
alisal) sdpwaigd) LSSl

Lec (3)

Curvilinear Motion: Rectangular Components

A5 Gl clflaay)) Adatoad) il ) sAdadiall 48 jall)

Occasionally, the motion of a particle can best be described along a path that can be expressed

in terms of its X, y, z coordinates.
X, Y, Z . ki) Aoy aie il (Say jlue Joba o Juadl S8 aall 48 a Coa s (S (la) Giany B
Position (&8sl

If the particle is at point (X, Y, z) on the curved path s, then its location is defined by the

position vector:

(Position cﬁj,d\ datia ddaul ¢ 23a) Axd ga (L8 ¢ 5 sl Dbl e (X,V, 2) dasil) e avall IS 1Y)
Vector):

r=xi+yj +zk

N

"'

Position

(a)
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§When the particle moves, the x,y, z components of r will be functions of time; i.e., x = x(t),

y=y({t), z=z(t),sothat r = r (t).

y=y(t) sx=x(t) of el e e s be 1o aaillx y, 7 Gl (S el & ey Laie

r=r(). adaa e cz=2(t) o
At any instant, the magnitude of r is defined by:

Aol Ao o 1 Asiall laie apaad 2y dlaal ol (8

r=Vx2+y2+z?2
And the direction of r is specified by the unit vector:

(Unit Vector):sas 5l asia ddas) g3 23a5 1 olail

Velocity (4 )
The first time derivative of r vyields the velocity of the particle. Hence,

ey e flyy ameallde jur aaiall 1Y) de ) Al s

V = dr/dt = dxi/dt +dyj/dt + dzk /dt

=
Velocity

(b)
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¥ When taking this derivative, it is necessary to account for changes in both the magnitude and

‘Qf dlrectlon of each of the vector's components. For example, the derivative of the i component of -

-

J.u.u‘;.c 4;.1.45\k_TbSJAwMSJAJﬁaBJY\}J\M\w;ﬁ@k_}\‘ﬁ’_ﬂ\o\.{:\fd‘)})@\wsw\o&.J;\A.u:
U.Qr 4;.\4” ‘\_\S)AS\MM‘J\_\AJ\

Vx =dx/dt = x’

The second term on the right side is zero, provided the X, y, z reference frame is fixed, and

therefore the direction (and the magnitude) of i does not change with time.

Ol il G) Xy, 7 Saay) aUaill) sy sl ¢S of da i o jiea (5 sba eI el Jle St J;j\

-U"‘)M )_13_\_1\]| o.\;)l\m(jm})alm\

Differentiation of the jand k components may be carried out in a similar manner, which

yields the final result:

Al il lany Laa cllan Ty K 5] b sal il ol ) (o

vy = dy/dt = y v;=dz/dt= 7’

The "dot" notation X', Y, Z'represents the first time derivatives of x = x(t), y=y(t), z=z(t),

/ respectively.

2

Se x=x(), y=y(t), z=2(t) I el @Eisad (Dot notation) X', Y, Z° UUM\&.SJJM

S yn

The velocity has a magnitude that is found from:
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V=Vl + W VA = X2y 2 72

And a direction that is specified by the unit vector u = Vv . This direction is always tangent
" 1o the path.

—’ @ P
el Ulas Laila olai¥) 138 0 sSasly = VAV . 33a ol daie A 5 338 Galadl

The acceleration of the particle is obtained by taking the first time derivative of the velocity (or

the second time derivative of position):
(18 5ol 2201 A 0 28 f) oyl 1531 1) S5 31 Gy (e el i e Sl
a=dv/dt =ax + ayj + azk

Where:

X" =d/ dt?

dx V'
ay= vy =y =d%/dt
a:= Vv, = z° =d’z/dt?

 The acceleration magnitude is found from:

a=vVa*+ay’+alt=VX2+y2+77

o B0 B el Bl £ B0 L o El £ Q‘?Q‘?Q‘?Q?Q?Q?Q?Q?Q‘?Q?Q?Q?Q‘?Q?Q?Q?Q‘?%%%%%%%%%%%%%%%%%%%%%%%%%%%Q‘?Q‘?%Q‘?%%

ﬂf And its direction is specified by the unit vector u.= @/a. Since a represents the time rate of
‘Ef change in both the magnitude and direction of the velocity, in general, a will not be tangent to

2 ¥ the path.
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Acceleration

(c)
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At any instant the horizontal position of the weather balloon in
Fig. 12-18a 1s defined by x = (8¢)ft, where ¢ is in seconds. If the
equation of the path is y = x’/10, determine the magnitude and
direction of the velocity and the acceleration whenr = 2 s,

SOLUTION
Velocity. The velocity component in the x direction is

d
v =x=—(8)=8ft/s—
U = X d,() /s

To find the relationship between the velocity components we will use
the chain rule of calculus. (See Appendix A for a full explanation.)

l b . - . a
;‘E(.\'*/l()) = 2xk/10 = 2(16)(8)/10 = 25.6 ft/s |

vy =y

When 1 = 2 s, the magnitude of velocity is therefore

v = \/(81/s)® + (25.6 ft/s)* = 268 ft/s Ans.
The direction is tangent to the path. Fig. 12-18b, where
Vy 25.6
6, = tan !'— = tan™ ='72.6° Ans.
. e 8

Acceleration. The relationship between the acceleration components
is determined using the chain rule. (See Appendix C.) We have
. d
a,=v,=—(8)=0
X X (1{ ( )
d

di
= 2(8)%/10 + 2(16)(0)/10 = 12.8ft/s* 1

a, = b, =

(2xi/10) = 2(&)k/10 + 2x(¥)/10

Thus,
a=1/(0) + (12.8)> = 12.8 ft/s? Ans.
The direction of a, as shown in Fig. 12-18c¢,is
6, = lan"'l—(z-)é = 90° Ans.

le——16 ft -
(a)

v=2081t/s

0, = T2.6°
B 1

(b)

a=128ft
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/ *
y = 0.001x2
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100 m = /
> X
(a)
.\‘
v, -~
-).;‘fZ
v|
100 m s
(b)
Fig. 12-19

For a short time, the path of the plane in Fig. 12-19a is described by
y = (0.001x%) m. If the plane is rising with a constant velocity of 10 m/s,
determine the magnitudes of the velocity and acceleration of the plane
whenitisaty = 100 m.

SOLUTION
When y = 100 m, then 100 = 0.001x” or x = 316.2 m. Also, since
v, = 10 m/s, then

Yy = Y, 100m = (10m/s) ¢ tr=10s

Velocity. Using the chain rule (see Appendix C) to find the
relationship between the velocity components, we have

d » : :
v, =y = g (0.001x°) = (0.002x)x = 0.002xv, (1)
Thus
10 m/s = 0.002(316.2 m)(v,)
v, = 1581 m/s

The magnitude of the velocity is therefore

v=\/vi+v: = \/(15.81 m/s)> + (10m/s)> = 18.7m/s  Ans.

Acceleration. Using the chain rule, the time derivative of Eq. (1)
gives the relation between the acceleration components.

a, = v, = 0.002xv, + 0.002xd, = 0.002(v? + xa,)
When x = 316.2m,v, = 1581 m/s. vy = a, = 0,

0 = 0.002((15.81 m/s)* + 316.2 m(a,))
a, = —0.791 m/s>

The magnitude of the plane's acceleration is therefore

a="\/ ai + nf. = \/(—0.791 m/s:)2 + (0 m/sz)2

= (.791 m/s? Ans.
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