
                                          Lecture (10)   

                             The hyperbola with center (h,k) 

 

Case (1):- 

 
 

The equation of a hyperbola with center (h,k) , and the focal axis 

is parallel the x- axis is 

 

(𝒙 − 𝒉)𝟐

𝒂𝟐
−

(𝒚 − 𝒌)𝟐

𝒃𝟐
= 𝟏 

 

The equation of the hyperbola with center (h,k) , the focal axis on the 

x-axis , vertices (𝒉 ± 𝒂, 𝒌) , foci (𝒉 ± 𝒄, 𝒌 and ends of the conjugate 

axis (𝒉, 𝒃 ± 𝒌)  

Asymptotes lines      𝒚 − 𝒌 = ±
𝒃

𝒂
(𝒙 − 𝒉) 

The equation of directrices     𝒙 = 𝒉 ±
𝒂𝟐

𝒄
 



Case (2):- 

 

 
The equation of a hyperbola with center (h,k) , and the focal axis 

is parallel the y- axis is 

 

(𝒚 − 𝒌)𝟐

𝒂𝟐
−

(𝒙 − 𝒉)𝟐

𝒃𝟐
= 𝟏 

 

The equation of the hyperbola with center (h,k) , the focal axis on the 

x-axis , vertices (𝒉, 𝒌 ± 𝒂) , foci (𝒉, 𝒌 ± 𝒄) and ends of the conjugate 

axis (𝒉 ± 𝒃, 𝒌)  

Asymptotes lines      𝒚 − 𝒌 = ±
𝒂

𝒃
(𝒙 − 𝒉) 

The equation of directrices     𝒚 = 𝒌 ±
𝒂𝟐

𝒄
  



Example:- 

Find the equation of the hyperbola if 

1) center (2,5) , the foci (𝟐, 𝟑),(2,7) ,and vertices (𝟐, 𝟒)(𝟐, 𝟔) 

Solution:-  

𝟐𝒄 = |𝟑 − 𝟕| = 𝟒     ⇒     𝒄 = 𝟐 

𝟐𝒂 = |𝟒 − 𝟔| = 𝟐    ⇒     𝒂 = 𝟏 

𝒄𝟐 = 𝒂𝟐 + 𝒃𝟐 

𝟒 = 𝟏 + 𝒃𝟐  ⇒ 𝒃𝟐 = 𝟒 − 𝟏 ⇒ 𝒃𝟐 = 𝟑 

The focal axis is parallel to y-axis 

(𝒚 − 𝒌)𝟐

𝒂𝟐
−

(𝒙 − 𝒉)𝟐

𝒃𝟐
= 𝟏 

 

(𝒚 − 𝟓)𝟐

𝟏
−

(𝒙 − 𝟐)𝟐

𝟑
= 𝟏 

 

2) vertices(0,2),(6,2) and foci (-1,2),(7,2)  

Solution:- 

(𝒉, 𝒌) = (
𝟎+𝟔

𝟐
,

𝟐+𝟐

𝟐
) = (𝟑, 𝟐)   or 

(𝒉, 𝒌) = (
−𝟏 + 𝟕

𝟐
,
𝟐 + 𝟐

𝟐
) = (𝟑, 𝟐) 

𝟐𝒂 = |𝟎 − 𝟔| = 𝟔     ⇒     𝒂 = 𝟑 

𝟐𝒄 = |−𝟏 − 𝟕| = 𝟖    ⇒     𝒄 = 𝟒 

𝒄𝟐 = 𝒂𝟐 + 𝒃𝟐 

𝟏𝟔 = 𝟗 + 𝒃𝟐  ⇒ 𝒃𝟐 = 𝟏𝟔 − 𝟗 ⇒ 𝒃𝟐 = 𝟕 

The focal axis is parallel to x-axis 

(𝒙 − 𝒉)𝟐

𝒂𝟐
−

(𝒚 − 𝒌)𝟐

𝒃𝟐
= 𝟏 

 

(𝒙 − 𝟑)𝟐

𝟗
−

(𝒚 − 𝟐)𝟐

𝟕
= 𝟏 



 

3) center (-4,1) , one of vertices (𝟐, 𝟏),and the length of the 

conjugate axis equal  8 units 

Solution:- 

𝟐𝒃 = 𝟖 ⇒ 𝒃 = 𝟒 
(𝒉, 𝒌) = (−𝟒, 𝟏) 

(𝒉 ± 𝒂, 𝒌) = (𝟐, 𝟏)   ⇒   −𝟒 ± 𝒂 = 𝟐    ⇒   𝒂 = ±𝟔 

The focal axis is parallel to x-axis 

(𝒙 − 𝒉)𝟐

𝒂𝟐
−

(𝒚 − 𝒌)𝟐

𝒃𝟐
= 𝟏 

 

(𝒙 + 𝟒)𝟐

𝟑𝟔
−

(𝒚 − 𝟏)𝟐

𝟏𝟔
= 𝟏 

  

Example (2):- 

Find the center, vertices, foci, ends of the conjugate axis, and 

asymptotes of the following equations 

1)    
(𝒙+𝟏)𝟐

𝟒
−

(𝒚+𝟑)𝟐

𝟏𝟔
= 𝟏 

Solution:- 

𝒂𝟐 = 𝟒 ⇒ 𝒂 = ±𝟐 

𝒃𝟐 = 𝟏𝟔 ⇒ 𝒃 = ±𝟖 

𝒄𝟐 = 𝒂𝟐 + 𝒃𝟐 

𝒄𝟐 = 𝒂𝟐 + 𝒃𝟐 ⇒ 𝒄𝟐 = 𝟒 + 𝟏𝟔 ⇒ 𝒄𝟐 = 𝟐𝟎 ⇒ 𝒄 = ±√𝟐𝟎 

 

The center (𝒉, 𝒌) = (−𝟏, −𝟑) 

The vertices (𝒉 ± 𝒂, 𝒌) = (−𝟏 ± 𝟐, −𝟑)    ⇒   (−𝟑, −𝟑), (𝟏, −𝟑) 
The foci (𝒉 ± 𝒄, 𝒌) = (−𝟏 ± √𝟐𝟎, −𝟑) ⇒ (−𝟏 + √𝟐𝟎, −𝟑), (−𝟏 − √𝟐𝟎, −𝟑) 
Ends of the conjugate axis (𝒉, 𝒌 ± 𝒃) = (−𝟏, −𝟑 ± 𝟒)  ⇒ (−𝟏, 𝟏), (−𝟏, −𝟕) 



           Equation of directrices 𝒙 = 𝒉 ±
𝒂𝟐

𝒄
 

𝒙 = −𝟏 ±
𝟒

√𝟐𝟎
  =  −𝟏 ±

𝟐

√𝟓
 

 

 

 

2) 𝟗𝒙𝟐 − 𝟏𝟔𝒚𝟐 − 𝟏𝟖𝒙 − 𝟔𝟒𝒚 − 𝟏𝟗𝟗 = 𝟎 

Solution:- 

𝟗𝒙𝟐  − 𝟏𝟖𝒙 − 𝟏𝟔𝒚𝟐 − 𝟔𝟒𝒚 − 𝟏𝟗𝟗 = 𝟎 

𝟗(𝒙𝟐 − 𝟐𝒙) − 𝟏𝟔(𝒚𝟐 + 𝟒𝒚) − 𝟏𝟗𝟗 = 𝟎 

𝟗(𝒙𝟐 − 𝟐𝒙 + 𝟏 − 𝟏) − 𝟏𝟔(𝒚𝟐 + 𝟒𝒚 + 𝟒 − 𝟒) − 𝟏𝟗𝟗 = 𝟎 

𝟗((𝒙 − 𝟏)𝟐 − 𝟏) − 𝟏𝟔((𝒚 + 𝟐)𝟐 − 𝟒) − 𝟏𝟗𝟗 = 𝟎 

𝟗(𝒙 − 𝟏)𝟐 − 𝟗 − 𝟏𝟔(𝒚 + 𝟐)𝟐 − 𝟔𝟒 − 𝟏𝟗𝟗 = 𝟎 

𝟗(𝒙 − 𝟏)𝟐 − 𝟏𝟔(𝒚 + 𝟐)𝟐 − 𝟗 + 𝟔𝟒 − 𝟏𝟗𝟗 = 𝟎 

𝟗(𝒙 − 𝟏)𝟐 − 𝟏𝟔(𝒚 + 𝟐)𝟐 − 𝟏𝟒𝟒 = 𝟎 

𝟗(𝒙 − 𝟏)𝟐 − 𝟏𝟔(𝒚 + 𝟐)𝟐 = 𝟏𝟒𝟒                ÷ 𝟏𝟒𝟒 

(𝒙 − 𝟏)𝟐

𝟏𝟔
−

(𝒚 + 𝟐)𝟐

𝟗
= 𝟏 

  

   The center (𝒉, 𝒌) = () 

   The vertices (𝒉 ± 𝒂, 𝒌) =) 
    The foci (𝒉 ± 𝒄, 𝒌) = 

    Ends of the conjugate axis (𝒉, 𝒌 ± 𝒃) =         

   Equation of directrices 𝒙 = 𝒉 ±
𝒂𝟐

𝒄
 

𝒙 = ±    

 

3)  𝟗𝒙𝟐 − 𝟒𝒚𝟐 − 𝟓𝟒𝒙 + 𝟖𝒚 + 𝟏𝟏𝟑 = 𝟎 

           4) 𝟒𝒚𝟐 − 𝟗𝒙𝟐 − 𝟏𝟖𝒙 − 𝟖𝒚 = 𝟒𝟏 


