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4 Express the force F shown in Fig. 2-30a as a Cartesian vector. &
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% The angles of 60° and 45° defining the direction of F are not coordinate direction angles. Two  +
| i
g successive applications of the parallelogram law are needed to resolve F into its x, y, z g
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(b)

F,=100sin 60 Ib =86.6 Ib
Fx=F cos45=50cos 45 Ib=35.41b
Fy=Fsin45=50sin45Ib=3541Ib
Realizing that Fy has a direction defined by —J, we have
F =535.4i - 35.4j + 86.6k6 Ib Ans.
To show that the magnitude of this vector is indeed 100 Ib, apply Eq. 2-4,
A=1\[A%+ Ay + AY] (2-4)
= V[ (35.4)2 + (35.4)? + (86.6)]= 100 Ib

é‘ If needed, the coordinate direction angles of F can be determined from the components of the
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unit vector acting in the direction of F. Hence,
u=FF=(FJ/F)i+(F/J/F)j+ (F./F)k=(35.4/100) i - (35.4/100) j + (86.6 /100) k
= 0.354i - 0.354] + 0.866k

EpEy
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¢ 50 that
a = c0s(0.354) = 69.3°
B = cos?(-0.354) = 111°
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0 A A A A A
= cos(0.866) = 30.0°

30.0° ‘I
7

These results are shown in Fig. 2-30c.

F=1001b

(c)
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2 7 Position Vectors In this section we will introduce the concept of a position vector. It will
ﬂf be shown that this vector is of importance in formulating a Cartesian force vector directed

4 between two points in space.
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g X, Y, z Coordinates. Throughout the book we will use a righthanded coordinate system to %
o A
4 reference the location of points in space. We will also use the convention followed in many i
o A
% technical books, which requires the positive z axis to be directed upward (the zenith direction) %
% so that it measures the height of an object or the altitude of a point. The X, y axes then lie in the %
W W
g horizontal plane, Fig. 2-32. g
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¢ Points in space are located relative to the origin of coordinates, O, by successive measurements
along the X, y, z axes. For example, the coordinates of point A are obtained by starting at O and
measuring Xa = +4 m along the x axis, then y, = +2 m along the y axis, and finally za = -6 m
along the z axis, so that A(4 m, 2 m, - 6 m). In a similar manner, measurements along the x, y, z
axes from O to B yield the coordinates of B, that is, B(6 m, -1 m, 4 m).
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O A
y 4 Position Vector. A position vector r is defined as a fixed vector which locates a point in space g

% relative to another point. For example, if r extends from the origin of coordinates, O, to point E
o o
% P(x, Y, 2), Fig. 2-33a, then r can be expressed in Cartesian vector form as r = xi + yj + zk %
% Note how the head-to-tail vector addition of the three components yields vector r, Fig. 2-33b. %

% Starting at the origin O, one “travels” X in the +1 direction, then y in the +j direction, and finally %

i 7 in the +k direction to arrive at point P(x, y, z).
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R R O A B
‘“ In the more general case, the position vector may be directed from point A to point B in space,

45{ Fig. 2-34a. This vector is also designated by the symbol r. As a matter of convention, we will
b

% sometimes refer to this vector with two subscripts to indicate from and to the point where it is
% directed. Thus, r can also be designated as ras. Also, note that ra and rg in Fig. 2-34a are

g referenced with only one subscript since they extend from the origin of coordinates.

g From Fig. 2-34a, by the head-to-tail vector addition, using the triangle rule, we require
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Solving for r and expressing ra and rg in Cartesian vector form yields
GL»_\ Sl asiall JSalLrg gra o wedll gr Aalas d;

F=Ig-Ira= (XBi +yBj +ZBk)-(XAi +ij +ZAk)
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r=Xs-Xa)i+(ys-ya) +(zs-za)k  (2-11)

¢ Thus, the i, j, k components of the position vector r may be formed by taking the coordinates of
! the tail of the vector A(Xa, Ya, Zp) and subtracting them from the corresponding coordinates of
the head B(Xs, Y8, zg). We can also form these components directly, Fig. 2-34b, by starting at A
nd moving through a distance of (g - Xa) along the positive x axis (+i), then (yg - ya) along the

ia
positive y axis (+]), and finally (zg - z») along the positive z axis (+k) to get to B.
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Fig. 2-34

¢ If an X, y, z coordinate system is established, then the coordinates of two points A and B on the
cable can be determined. From this the position vector r acting along the cable can be
formulated Its magnitude represents the distance from A to B, and its unit vector, u = r>r, gives 4
7 the direction defined by a, P, y.
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Examgle
¢ An elastic rubber band is attached to points A and B as shown in Fig. 2-35a. Determine its

Iength and its direction measured from A toward B.
B. (A (e 4alail gl gk aaag 35-2 JSAll b a0 WSB SA - Cpdail) (g () e (alae day 8 i o

4

B

2m -4 Im
o “—"—]::f'

-

- -
5
/ Z2m

Solutlon
We first establish a position vector from A to B, Fig. 2-35b. In accordance with Eq. 2-11, the
coordmates of the tail A(1 m, 0, -3 m) are subtracted from the coordinates of the head B(-2 m, 2
7 m, 3 m), which yields
asiall b lilas) b o] 12 Alalaall Ga by, 35-2 JSAl LS (B (JJA (10 guia sall dniae 2aa “yj\
(shr e B(—2 m,2 m,3 m) 4xiall (el Glilas) A (1 m,0, 3m)
rr=[-2m-1mli+[2m-0]j+[3m-(-3m)]k=[-3i+ 2] +6k] m
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These components of r can also be determined directly by realizing that they represent the
¢ direction and distance one must travel along each axis in order to move from A to B, i.e., along
the x axis [-3i] m, along the y axis [2J] m, and finally along the z axis [6k] m. The length of the

rubber band is therefore
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r=N|(-3m2+@mp + (6 mP]=7m  Ans

Formulating a unit vector in the direction of r, we have

&Mcro@\@o&}mmh@

rir=-3/7i+2/7j+6/7Tk

he components of this unit vector give the coordinate direction angles

- <

a = cos(- 3/7) = 115° Ans.
B =cost(2/7)=73.4° Ans.
y =cos?( 6/7)=31.0° Ans.
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e A
y NOTE These angles are measured from the positive axes of a localized coordinate system

ﬂ}f placed at the tail of r, as shown in Fig. 2-35c.
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Fig. 2-35

i« Force Vector Directed Along a Line hi Jsh o 4x gall 3 gil) Axia

the often in three-dimensional statics problems, the direction of a force is specified by two
¢ points through which its line of action passes. Such a situation is shown in Fig. 2-36, where the
force F is directed along the cord AB. We can formulate F as a Cartesian vector by realizing that
|t has the same direction and sense as the position vector r directed from point A to point B on

the cord. This common direction is specified by the unit vector u = r>r. Hence,

oda yelai LQJ.«;L;L«A}:;ww&mm\yo}ﬂ\am\amciu‘)!\@)ul&um‘i\dgmguh;‘i\wﬂs‘_;
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5 gl) dsie dand 5 a)m\

:F Fu=F(r/ir)=F[((xe - Xa)i + (V& - Ya)j + (z& - Za)K) / N(Xg - Xa)? + (V& - Ya)? + (25 - Za)’]
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i Fig. 2-36
A
4
4 Although we have represented F symbolically in Fig. 2-36, note that it has units of force, unlike
4
g r, which has units of length.
A
i
+ The force F acting along the rope can be represented as a Cartesian vector by
ﬁf
% Establishing x, y, z axes and first forming a position vector r along the length of the rope.

% Then the corresponding unit vector u = r>r that defines the direction of both the rope and the

W i . . i . . i .
+ force can be determined. Finally, the magnitude of the force is combined with its direction, F =

_n
c

d#\ub&jddﬂ\r w&écca}ﬂ\u\hjdm\hy 36 2@\@L5JAJJS.\.MF l_ﬂ.mh.a\u,aac)l\éc
o e S i€ il U5 e dgm s 50 0 (S

Al dsh Jor g gall 4ntie (0 sSIeX,Y,Z st oL ]
8l g Jaadl olatl aasy (sdlu=r/|r] 3as sl dnfia pasi S D
: F=FU. alad) ae b sall laia gan 1581 3

[T
x
QD
3
)

Dr.moawia Ibrahim hamedelnil — moawiaibrahim73@gmail.co
R R B R A A A A R

ﬁﬁ%ﬁ%ﬁ%ﬁ&ﬁ&ﬁ&ﬂ&ﬂ&ﬂﬂﬂ&ﬂﬂﬂ&ﬂ&ﬂ&ﬂ&ﬂ&ﬂ%ﬁ*%ﬁ*%ﬁ*%ﬁ*ﬁ Ep B 2 2 2 B 2 B Y 2y B B B B B B B 2 B B 2 B S 2 SN Ble e £ 2y 2

N
2
2
w13
=
2
=
2


mailto:moawiaibrahim73@gmail.com

R EEEEEEEE S EE O E SO S O O S S S S R R B
y & The man shown in Fig. 2-37a pulls on the cord with a force of 70 Ib. Represent this force acting

o=

ﬁ 4
4 on the support A as a Cartesian vector and determine its direction. &
4 4
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% 30 ft %
b b
4 ¥
% |—8 ft— g
o g
g 6 ft 4
4 B | ; o
: 12 ft :
4 i
4 " 4
A i
p b
W W
4 (a) 4
% ¥ Solution g
% Force F is shown in Fig. 2-37b. The direction of this vector, u, is determined from the position
W W
g vector r, which extends from A to B. Rather than using the coordinates of the end points of the g
% cord, r can be determined directly by noting in Fig. 2-37a that one must travel from A {-24k} %
4 ft, then {-8j} ft, and finally {12i} ft to get to B. Thus, r = [12i - 8] - 24K] ft 4
o A
% The magnitude of r, which represents the length of cord AB, is g
Dot e YaB, A 0 dedlr guin sall Anio ol 4l 138 elatl a3 2y, 37-2 UK b daaa s 558
1 ﬂ:r
G {81 A A {-24K} e il cany G (@372 JS AdaaDlay 3 pdler wan Sy ¢l 8yl il g
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g r=[12i- 8j - 24k] : S4B, Al Jsallad {i12} U-A\jg
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gﬂff o e A e e e G ﬂg
4 4
g 2 2 2 g
i r =V[(12 ft)? + (-8 ft)2 + (-24 ft)2 ]= 28 ft i
o o
4 i
i J i
i Z i
o o
4 4
¥ - ¥

A " :
4 F=701b 4
4 i
4 W
p b
i W
p b
4 4
p b
4 W
b b
4 4
p b
4 (b) 4
b b
4 Fig. 2-37 4
b b
A i
4 Forming the unit vector that defines the direction and sense of both r and F, we have &
W W
E F sl (e S Gen g olad) 2asy (A Bhﬁ\@hoe;ﬁ%
i _ _ 4
g u=r/r=(12/28)i-(8/28)j— (24/ 28)k g
% Since F has a magnitude of 70 Ib and a direction specified by u, then %
4 ; 4
1 L0H U Aand 32 2350 o570 1D (s s 85801l Y 1k ¥
i _ _ 4
g F=Fu=70 lba[ (12/28) i —(8/28)j —(24/28)k ] %
1 = [30i - 20j - 60K] Ib Ans. T
g The coordinate direction angles are measured between r (or F) and the positive axes of a g
g localized coordinate system with origin placed at A, Fig. 2-37b. From the components of the g
% unit vector: %
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o = c0s™(12/28) = 64.6° Ans.
B = cos™(-8/28)= 107° Ans.
y = cost( -24/28)= 149° Ans.

NOTE: These results make sense when compared with the angles identified in Fig. 2-37b.
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ﬁ? Occasionally in statics one has to find the angle between two lines or the components of a force
g parallel and perpendicular to a line. In two dimensions, these problems can readily be solved by <
‘vff trlgonometry since the geometry is easy to visualize. In three dimensions, however, this is often
ﬁf dlfflcult and consequently vector methods should be employed for the solution. The dot

ﬂf product, which defines a particular method for “multiplying” two vectors, can be used to solve
ﬂf the above-mentioned problems.

& The dot product of vectors A and B, written A . B and read “A dot B,” is defined as the product
% of the magnitudes of A and B and the cosine of the angle u between their tails, Fig. 2—40.

I Expressed in equation form,

d;us.ucu.\.\su‘ss u.um.iaau_\c oAALa..LA\j‘L\J\jA\o}ﬂ\uﬁfj\uhuubj\)l\ J\A.!‘?)L c\S.L\L\.-.n\X'\uALJLiA\
EENA AN aa 1A (Laa @lld (4 <5 L Wlle la A3 A X1 bl aladinly A gen Jiloal) 28
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g

A .B=ABcos 0 (2-12) )
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Fig. 2-40

! where 0° < § < 180°. The dot product is often referred to as the scalar product of vectors since

the result is a scalar and not a vector.
Gaie g Gida 133 (& =il oY (Scalar Product) @) pdall Glal oy

Laws of Operation.hiill q pall il g

Y 2 2 B £ B 2 2 B B 2 B B By B 2 B B B B S B S Bl S B S 2 e £

o

4

ar 1. Commutative law: A.B=B . A Alalal) o il

ﬂr2 Multiplication by a scalar: a (A . B) = (aA) .B=A . (aB) 2221l @l
45;( 3. Distributive law: A.(B+D)=(A.B)+ (A.D) aosill 58

4

% Cartesian Vector Formulation. Equation 2—12 must be used to find the dot product for any two
i Cartesian unit vectors. For example, i.i=(1)(1)cos0°=1andi.j=(1)(1) cos 90°=0. If we
@f want to find the dot product of two general vectors A and B that are expressed in Cartesian

@f vector form, then we have

ths.m\M\
@J&JJ&EUMGLSA‘UM\MM

A.B=(Ad+A/j+AK). (B +Byj+Bk)
AB(i . 1)+ ABy(i . ) + ABi . k) + AB(j . 1)+ ABy(j . ) + ABj . K+ ABi(k i) +
ABy(k.j)+AB/(k.Kk)
Carrying out the dot-product operations, the final result becomes
A .B=AB, +AB, + AB, (2-13)

o
o)
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gﬂff o e A e e e ﬂg
¥ ¥
% A %
o o
4 i
o . o
1 / b
af a - a af
¥4 A, =Acosfu, u, ¥4
o o
y' Fig. 2-41 )
o A
o Y
g Thus, to determine the dot product of two Cartesian vectors, multiply their corresponding X, y, z g
4 components and sum these products algebraically. Note that the result will be either a positive
i W
% or negative scalar, or it could be zero. %
A sl ol U e 1300 0 5S ll) ) panl sX,Y,Z e IS0 ABLaall S yall o yuial oL )00 cpagaia o el «sl g
3 a5 i
¥ ¥
% Determine the magnitudes of the projection of the force F in Fig. 2-42 onto the u and v axes. %
% 42-2 Sl iy su slaall JeF 5l Llia) laie sas %
i v i
A ¥, i
i ' 4
ﬁzr ﬁzr
! ~ F=100N !
P b
W W
P b
P b
4 u i
P b
P b
4 4
: '-Lu 2 Y '
% Fig. 242 i
5 Solution 5
P b
Y b
i 16 |
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y PrOJectlons of Force. The graphical representation of the projections is shown in Fig. 242,

ﬂfj From this figure, the magnitudes of the projections of F onto the u and v axes can be obtained
4 by trigonometry:
Pl 3y 5k e DY) e o Jpaall (Say 42D JSAN 8 daii e da s )l OULLELY)
(Fu)proj = (100 N)cos 45° = 70.7 N Ans.
(Fv)proj = (100 N)cos 15°=96.6 N Ans.
NOTE These projections are not equal to the magnitudes of the components of force F along
the u and v axes found from the parallelogram law. They will only be equal if the u and v axes

! are perpendicular to one another.
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